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Abstract 

A natural mixed finite element method for the Stokes prob- 
lem in the velocity-pressure formulation is used to approx- 
imate the velocity by continuous piecewise polynomials of 
degree (k + 1), and to approximate the pressure by discon- 
tinuous piecewise polynomials of degree k. This paper is 
devoted to proving constant rates of convergence for two 
nonnested multigrid methods when applied to solving some 
3D stable 7•k+•-Pk (k _> 2) mixed-element equations where 
the underlying tetrahedral meshes have a macro-element 
structure. A numerical test is presented. 

Key words: multigrid method, Stokes equations, mixed 
element. macro-element, tetrahedral mesh. 
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1 Introduction 

In the variation form of velocity-pressure formulation of 
the Stokes equations, the velocity and pressure are in 
the Sobolev spaces Hl(fi) • and L•(fi), respectively. The 
mixed element approximation spaces can be chosen to 
be the corresponding subspaces. A most natural ap- 
proximation scheme would be, then, to choose continuous 
piecewise-polynomials of degree (k + 1) for the velocity 
and discontinuous piecewise-polynomials of degree k for 
the pressure. Such mixed element solutions satisfy the in- 
compressibility condition. Scott and Vogelius [8] showed 
that the Babu•ka-Brezzi inequality holds for such 72k+1-Pk 
triangular mixed-elements in 2D if the polynomial degree 
k is 3 or a higher, and if the meshes are singular-vertex 
free. This result is partially extended to 3D in [15]. It 
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Figure 1' A macro-element consists of 4 tetrahedra. 

is shown that, when defined on tetrahedral meshes of a 
macro-element type, the above 72k+1-Pk elements are sta- 
ble if the polynomial degree for velocity is 3 or higher. In 
the method, starting with any quasi-uniform tetrahedral 
mesh, the mesh for computation is generated by subdivid- 
ing each initial tetrahedron into 4 subtetrahedra by con- 
necting the bary-center with 4 vertices (see Figure 1). The 
72k+1-Pk mixed elements are defined on this new mesh. 
The velocity in the mixed-element solution is divergence- 
free pointwise. 

The multigrid method is an effective iteration method 
for solving linear systems of equations arising from dis- 
cretizing partial differential equations. It is an optimal 
order algorithm in various cases ([1], [2]) and references 
therein. Verf'drth has introduced two multigrid methods 
([12] and [13]) for solving mixed element equations for 
Stokes problems and proved that the iterations converge 
with constant rates (independent of the number of un- 
knowns in the linear system of equations). But the stan- 
dard (nested) multigrid algorithm will not work for 3D 
72k+1-Pk tetrahedral mixed-elements. This is because the 
stability condition (see (2) below) will not hold any more 
at the multigrid refinement as the new interior edge of each 
tetrahedron is singular when the tetrahedron is subdivided 
into 8 half-sized tetrahedra (cf. [15]). Now, to get rid of 
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singularity, if we cut each of the 8 subtetrahedra further 
(into 4) as depicted in Figure 1, then this process would 
lead to degenerate meshes which contain sharp and long 
tetrahedra. Given an initial tetrahedral grid, the correct 
way to build multilevel grids is to first refine the initial 

grid nestedly to the highest level. Then we can subdi- (2) 
vide all tetrahedra on all levels to get the macro-element 
meshes. However, the multilevel grids created this way 
are not nested and the resulting mixed element spaces are 
not nested either. Some treatments are needed in defining 
the intergrid transfer operator, which is necessary in the 
multigrid method to transfer functions from a lower level 
to higher one (cf. [3] and [17]). A multigrid method for 
2D. biharmonic, C 1 elements is studied in [16], where the 
meshes have the same macro-element structure. 

In this note, •ve apply the two multigrid methods of 
Verfiirth to solve the new mixed-element equations and 
prove that the two methods retain their constant-rate of 
convergence and, consequently, their optimal order of com- 
putation. Section 2 provides some basics on the mixed el- 
ement approximation of the stationary Stokes equations. 
•Ve define a multigrid method for the mixed-element equa- 
tions in Section 3, and prove its constant rate of conver- 
gence in Section 4. In Section 5, a combined conjugate 
gradient - multigrid method is defined, which also con- (4) 
verges with a constant rate. A numerical test is presented 
in Section 6. 

2 Preliminaries 

We consider the stationary Stokes problem: Find functions 
(the fluid velocity) and p (the pressure) on a 3D domain 
such that 

-vAu + gradp = f in f•, 
divu = 0 in f•, 

u = 0 on c9f•, 

where f is the body force and v is the kinematic viscosity. 
Given an initial quasi-uniform (cf. [4]) tetrahedral mesh 

•0 = {M} with mesh size ho on f•, we can refine each 
tetrahedron M into 8 subtetrahedra (cf. [18]), nestedly, to 
generate multilevel meshes {.Mj}•= o where hi-1 = 2hi. 
We let • = {T} denote the corresponding macro-element 
mesh where each tetrahedron M of A4j is cut into 4 by 
connecting the bury-center with 4 vertices, as depicted in 
Figure 1. Let •Pk,% and Pk,% denote the piecewise con- 
tinuous and discontinuous polynomials of degree k on the 

o H•(Q) and mesh •., respectively. Let P•,•. = P•,• • 
P•,% = Pk,% • Lg(•), i.e., P•,% = {p 6 Pk,% I f• P = 0}. 
To shorten the notation, we let • o )3 po = (•+•,% x •,%. and 

we will mention the dependence on the polynomial degree 
when needed. It is shown in [15] that Vj satisfies the 

Babu•ka-Brezzi stability condition: there exists a constant 
> 0 (independent of j, but depending on k) such that 

sup (diw, p) _> Cllpllo Vp 
vV:O 

which ensures the best order of convergence for the mixed 
elements solutions {[u•.,p•]} defined below in (3). •n this 
paper, we use the standard notation for Sobolev spaces 
and their norms, and we use C as a generic constant. 

The mixed elements approximation to (1) in weak for- 
mulation is: Find [uj,pj] G Vj, such that 

(3) L([uj,pj],[v,q]) = (f,v) V[v,q] 6 Vj, 

where L([u,p], [v, q]) := a(u,v) + b(v,p) + b(u,q), 
a(u,v) := •,(Vu, Vv) and b(v,p):= -(divv, p). We as- 
sume the boundary of f• is regular enough such that if 
f • L2(f•)in (1), then the solution [u,p] • H2(f•)a xH•(f•) 
(cf. [5], [6] and [11])and 

Ilul12 + IIpll 

The analysis here can be extended to cover some domains 
with a curved boundary where (4) is known to hold. By 
examining (2) and (4), it follows that ([5, 4]) 

3 A multigrid algorithm 

In this section we introduce a multigrid algorithm for 
solving the mixed-element equations (3). The algorithm 
is based on the general multigrid algorithm defined by 
Verffirth in [12]. We need to solve (3) on the highest level. 
Problems on all lower levels are auxiliary ones. We rewrite 
(3) in a more general form 

(6) L([uj,pj], [v, q]) = Gj(v, q) V(v, q) • Vj. 

Gj is a linear functional on Vj. In particular on the finest 
level, G• = (f, v). Problem (6) can be written in matrix- 
vector form as Ajx -- b with a symmetric, indefinite matrix 
Aj. In the fine level smoothing of the multigrid method 
defined below, m steps of a Jacobi-like relaxation are ap- 
plied to the squared system A•x = A.•b. The relaxation 
parameter •j, below, has to be less than or equal to the 
reciprocal of the spectral radius of Aj (cf. [1, 12]). 
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As the multilevel spaces { Vj } are not nested, it is neces- 
sary to introduce an intergrid transfer operator Ij: Vj-1 -• 
Vj. For simplicity in analysis and in implementation (other 
intergrid transfer operators would lead to working algo- 
rithms too), we define 

(7) Ij = H z x P%, Ij[u,p] = [rI•u,P%p] • Vj 

for any u 6 C(f•) 3 and p 6 L2(f•). Here, in (7), we 
used the common notations rI• and Px5 as the nodal 
value interpolation operator and the L 2 (f•) projection op- 
erator, respectively. We note that the computation of 

P• : P•.T•_• -• P•.T• is done element-wise since the pres- 
sure functions are discontinued. Because the grids {T•.} 
are constructed on {Adj}, we can see that 

(8) Vj•U+i 0 )3 0 : (Pk+i,A4j X P/•,A4j -': •7j, 
the space of piecewise continuous and discontinuous poly- 
nomials on grid Adj. 

Definition 3.1 (Algorithm 3.1 in [12].) 
1. Smoothing. Let [u•,p•] • Vj be a given guess to the 
solution of Problem (6). For 1 = 1, 2,..., m, compute the 
solutions of 

2 l 

(9) (w},v) + hj(rj,q) = 
ø - [uj , q]) } 

and 

V[v, q] 6 Vj 

(10) 
2 I I--1 

(ulj _ l-• v) + hj(pj -pj ,q)-- Uj , 

L([w}, r}], Iv, q]) V[v, q] • Vj. 

2. Correction. Let [uj_•,pj_•] • Vj_ 1 be the exact solu- 
tion of Problem (6) with 

(11) Gj_•(v,q) := 
G;(Ij[v,q]) - L([ j ,pj ],Ij[v,q]) V[v,q] e Vj. 

If j = O, put [fij-l,•Sj-•] := [U;_l,P;_l]. 
If j > O, compute an approximation [fij-1,/5•_1] by apply- 
ing a(_> 2) iterations of the (j- 1)-level scheme to (6) with 
starting value zero. Put 

(12) Eu?+X,p? +x]: [uy•,p?] + Ij[•lj_l,ll•j_l]. 

In real computation the L 2 inner products in (9)-(10) are 
replaced by equivalent discrete L 2 inner products. This 
does not affect the analysis (cf. [1]). 

4 Convergence analysis 

In this section, we prove the constant rate of convergence 
for the multigrid algorithm defined in Definition 3.1. Let 
{[0i 0 jl•aim(v•) be the complete set of eigenfunctions for ' I IJl=l 

the symmetric bilinear functional L(.,.): 

2 j (13) = 

We can assume the.eigenfunctions are normalized and that ß 

_ /V 0 < [,X•l < ... <[ aim(V•)[' Given [uj,pj] = Y•4 c•[0•,0/] e 
Vj, we define the Ill' Ill• norm by 

/ di•_5.? ) } 1/2 (14) 111[u/,P]111 :-- cIX]I 

We note that II1' Ill0 is defined for all functions in Hl(["•)3 x 
L2(f•), while the other norms Ill' IIl are defined only in Vj. 

Let [uj,pj] e v•. denote the solution of Problem (6) and 
• * -p}] be the error of the Ith iterate, [e}, 4.1 := [u; - 

0 < 1 < m + 1. The following fine-level smoothing property 
is shown in [12] under the conditions (4) and (2). 

(15) IIl[e?,C]111 = • Chf2m-1/2lll[u•,p•]lllo. 

Lemma 4.1 Let [uj,pj] • Vj be L 2 orthogonal to •j-1 in 
the sense that 

2 (16) (uj,v)+hj(pj,q)=O V[v,q] •._•. 
Then 

(17) 

Proof This lemma is almost identical to Lemma 4.2 in 

[12]. We note that the space •'-1 has the same order 
~ 

of approximation as that for Vj-1 and that Vj_• c Vj. 
Therefore, the proof there remains the same. [] 

Theorem 4.1 Let 5j,m be the convergence rate measured 
the Ill' III0-or oi o•e iteration of multigrid algorithm 

defined in Definition 3.1 at level j with m relaxations. For 
every n • (0,4 -•/(a-•)) there is a number m•, which de- 
pends on k and n, but not on j, such that 

(18) < Vj, m _> 

Proof Following the frameworks of Verf'tirth [12] and 
Bank-Dupont [1], we need to prove the case of two-level 
multigrid algorithm, i.e., [fij_•,/Sj-1] := [u•_•,pj_•] in 
(12). Let [wj_•, rj-1] be the orthogonal projection of the 
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iterative error [e]•,e•] in •j_• Since •1_• C •._•, by (4), 
it follows by a duality argument (cf. [12] and [1]) that 

lille?, e?] - [uj_•,pj_•]lllo 
_< Chj inf {lie? - vll• + lie? -qllo} 

<_ c•j{lle? - wj-•llx + II•? - rj-•llo} 

where in the last step we used an inverse inequality (cf. 
[4]). Because of the nonnestedness of spaces, the ra + 1-st 
iterative error is actually 

where in the last step we used the L 2 stability of nodal- 
value interpolation operator when restricted on Vj_• (see 
[10] for a proof, where the averaging interpolation operator 
can be designed to be identical to HT• when restricted to 
V•_•). Combining above two estimates we obtain 

(19) !!][e?+•,e?+•]lll o _< ClllEe?,•?]- 
Now, applying Lemma 4.1 and (15) we can get (cf. [12]) 
that 

2 

IIIrd? •?] - [w•_•, •w-•]111o 
<_ qllEe?, •?]111=111Ee?, •?] - [•'-•, 

_< •111[e•, •]111=111Ee?, •?] - [•-•, 
Therefore, the proof is completed by choose •,• large 
enough as 

Ill[e? +1, e?+11111o < ---• III [e;ø., •;ø'] IIIo, 

5 A combined conjugate gradient 
- multigrid algorithm 

In this section we define the second algorithm which is also 
based on an algorithm of Verffirth [13]. We show that the 

algorithm retains the constant rate of convergence. Even 
the multilevel spaces are nonnested in the present case. 
First, we define an operator L: P•,Tj -• P•,•-j as follows. 

0 0 )3 0 Given p • P},Tj let Up • (•l•k+l,Tj and Lp • P},Tj be the 
unique solutions of the equations 

o 3 
(20) a(Up,V) = b(v,p) Vv • (•P•+x,Tj) , 
(21) (Lp, q) 
We remark that solving two linear systems is required for 
each evaluation of L. The first system consists of three 
discrete Laplace equations for continuous piecewise poly- 
nomials, where we apply the multigrid method. The sec- 
ond linear system is a discrete mass equation which is un- 
coupled on each tetrahedron. This system can be solved 
locally with a cost proportional to the number of unknowns 

o 

t'•0 53 and g • P•,T, be the (k fixed). Next, let uf •; •+i,Tj: 
unique solutions of the equations 

o 3 
(22) a(uf,v) = (f,v) ¾v e (;v•+•,cr•) , 
(23) (g,q) = b(uf, q) Vq 
It is shown in [13] that the pair [u,p] • Vj is the solution 
of (3) on the top level if, and only if, 

(24) Lp-g, 

o where a(u,v) = (f,v)-b(v,p), for all v • (P•+•,•-j . •Ve 
can write the method (20-24) in operator forms: 

(25) L = BA-XB *, g - BA-•PTjf, 
where the operators are defined by a(Aj-•u,v) := (u,v) 
(recall the notation Aj = A), (Bu, q) := b(u,q) and 
(B*p,v) :- b(v,p), for all [v,q] • Vj. For simplicity, we 
drop the index j, if j - J; and, if there is no confusion. 
Here, PTj is also used to denote the L 2 orthogonal projec- 
tion operator on the space o )3. (7>•+•,T• We let wj denote 
the reciprocal of the spectral radius of Aj. We now define 
a sequence of symmetric operators to approximate A -x by 
the multigrid method (cf. [3]). 

Definition 5.1 

Set Kom = A• -•, n - 1, 2,--.. 
Assume that Kj_Ln has been defined; define Kj,•z for z 

o )3 (•P•+x,• as follows: 
1. Setw ø-0ande ø=0. 

2. Define w t for I = 1,..., ra by 

(26) wt= w/-1 Jr- 0Jj (•, -- Ajw/-1). 
3. Define w "+• = w'•+H%e •, c• > 2, where e t for 
I = 1,...,c• is defined by 

(27) e • = e t-• 
+Kj-i,i{PT•_• (z- Ajw TM) -- Aj-le/-1} ß 
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4. Define w l for 1 = m + 2,..., 2m + 1 by (26). 
5. Set Kj.lZ ---- W 2m+1. 
Finally, Kj,nZ is defined by doing n cycles of the above 
iterations: 

(25) K;,nz = Kj,n-lz + K;,•(z - A•Kj,•_•z) 

Theorem 5.1 Let (d) hold. For any 0 < 5 < 1, there is 
an integer m independent of j, but depending upon a and 
k, such that 

(29) II(A; 1 - Sj,n)Zll I • •nllzll 1 VZ • (•E)2+l,•) 3. 
Proof This theorem is a corollary of Theorem 4.1 in [9], 
which proves the convergence of W-cycle nonnested multi- 
grid methods. [] 

We remark that the multilevel spaces 

(30) 0 )3 0 )3 3 (Pkq-l,• 

are used in our algorithm. This results in a nonnested 
multigrid method. One could use the following multilevel 
spaces 

(31) o 3 0 3 (Pk+I.,•AO) C ''' C (P•+i,•4j) 3 C 

to compute A• • approximately. The advantage of the lat- 
ter is that one gets better convergence rate and less compu- 
tational work inside each iteration (the convergence theory 
in this case is standard and covered by [1]). The disadvan- 
tage is that one has to set up two data structures to handle 
two different families of multilevel finite element spaces. 

We now define a conjugate gradient algorithm for solving 
Problem (24), which is an equivalent problem of the Stokes 
equations (3). When we solve (24), we approximate Lp for 
pC P•.T• by 

L,•p := BK•,,•B*p. 

Definition 5.• (Algorithm 5.1 in [13]) 

1. Pre-processing: Compute 

g* := BKj,,•P•r•f. 

o 

2. Start: Given an initial guess pO • P•,T; for the pres- 
sure p; solving (3). Compute 

and put 

qO = L,•pO 

r o = qO _ g., d o = _r o. 

Set i = 0, and e to a small positive tolerance. 

3. Iteration step: If Ilrllo e go to step 4. Otherwise 
compute 

qi+• = Lnd i 

and set 

(ri, d i) 
(qi+•,di) ' 

pi+l _-- pi + o•i+•di ' 
ri+l __ ri q- o•i+lq i+l, 

(ri+l, r i+l) •i+1 
(r', r') ' 

di+l -_ _ri+l q-/3i+ldi. 

Replace i by i + 1 and return to the beginning of the 
this step. 

4. Post-processing: Compute 

u i := Kj,,•(P•-•f - B*p i) 

and take [Ui,p i] • Vj as the final approximation to 
the solution of (3). 

Theorem 5.2 Let [ui,p i] be defined in Definition 5.2 and 
[ua,pa] the solution of (3). Then 

Ilu - q- IIpr -pillo 
1 

where e is defined in Definition 5.2 and 5 is defined in 
Theorem 5.1. 

Proof This is Proposition 5.1 in [13]. 

6 A numerical test 

We test the combined conjugate gradient-multigrid 
method defined in Definition 5.1 in solving a model 2D 
Stokes problem on a unit right triangle (mesh for .A•o). 
We use 2D mixed elements on macro-element meshes where 

each triangle of A•j is subdivided into three triangles when 
generating T/, similarly to the 3D case depicted by Fig- 
ure 1. For k = i and k = 2, such mixed elements have been 
shown stable in [7]. The analysis for the multigrid methods 
provided in this manuscript remains the same for the 2D 
case. But, we should point out that for high degree (k > 2) 
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degree onto on T• 
k+l CG C(BA-•B *) CG C(BA-•B *) 

2 8 14.4559 27 17.7363 

3 14 14.1227 25 15.6759 

4 21 15.3867 26 16.2885 

5 23 15.8065 28 16.7038 

6 25 16.4055 29 17.0055 

7 15 16.5612 29 17.2318 

8 28 16.9165 32 17.4086 

Table 1: Iteration numbers and condition numbers. 

degree On T• 
k+ i CG C(BKj,•B*) 

2 22 17.9957 

3 25 22.3300 

4 32 48.3480 

5 32 119.6085 

6 45 323.0922 
7 96 889.0082 

8 175 2541.4468 

Table 2: Iteration numbers and condition numbers. 

polynomials, such macro-element meshes have no advan- 
tage as the regular meshes would provide stable mixed el- 
ements ([8]). The table I lists the numbers of the outer 
conjugate iterations when applying the algorithm of Defini- 
tion 5.2 where Kj.n -- A -1. Also, the condition numbers of 
operator BA-•B * in the L 2 inner product are listed in Ta- 
ble 1. •Ve remark that in the conjugate iteration, we have 
to use the L 2 mass matrix for pressure functions as a pre- 
conditioner. One can find such a preconditioned conjugate 
iteration in [14]. One can see from the numerical data that 
the operator BA-•B * is well conditioned, independently of 
the polynomial degree k. Numerical data also indicate that 
BA-•B * remains well conditioned when we refine meshes. 

For example, for k = 1, C(BA-•B*)= 18.8885 and 19.3166 
on To_ and T3, respectively. 

However, when A -x is replaced by the multigrid approx- 
imation Kj.•, the number of conjugate iterations and the 
condition number of BK•,•B* both increase with the poly- 
nomial degree k and the mesh level J. This can be ob- 
served by the data listed in the table 2. Here, we apply 
the t•vo-level nonnested multigrid method defined in Def- 
inition 5.1 xvhere m = 4 (doing 4 pre-smoothings and 4 
post-smoothings), and n = 4 (doing 4 cycles of multigrid 
iterations). When we increase m, or n, or both to get 
better approximation K•,• for A -•, the data in Table 2 
•vill approach those listed in Table 1. Unlike the case of 
BA-•B *, if we fix the polynomial degree and refine the 
mesh, the condition number of BKs,•B* would become 
•vorse (for example, using quadratic polynomials for the 
velocity, C(BKs,•B*)= 25.7506 and 70.7792 on T2 and 
respectively). 
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