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Abstract

We have derived stability results for explicit high-order
finite difference approximations of systems of hyperbolic
initial-boundary value problems (IBVP). The schemes are
a generalization of a fourth order scheme by Gustafsson,
Kreiss and Oliger [3] to general order of accuracy 27. The
stability results are obtained using the theory of Gustafs-
son, Kreiss and Sundstrém (G-K-S) for the semi-discrete
IBVP. These results are then generalized to the fully dis-
crete case using a theory of Kreiss and Wu [7].
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1 Introduction

In this paper we develop explicit high-order difference
methods for hyperbolic systems and use them in prac-
tical computation of the two-dimensional wave equation.
For a hvperbolic system to preserve the spatial accuracy,
a pth-order inner scheme must be closed with at least a
(p — 1)th-order boundary scheme, see Gustafsson [3] and

When investigating stability of the numerical approxi-
mation of the IBVP, we rely on the stability theory analy-
sis based on normal mode analysis, developed for the fully
discrete case by Gustafsson, Kreiss and Sundstrém (G-K-
S) [6], and for the semi-discrete case by Strikwerda [10] and
Gustafsson, Kreiss and Oliger [5]. The G-K-S theory gives
conditions that the inner and boundary schemes must sat-
isfy to ensure stability. The following theorem states when
hyperbolic systems are G-K-S stable.
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Theorem 1.1 Necessary and sufficient conditions for sta-
bility (fully discrete [6] or semi-discrete [5],[10]) of the
finite-domain IBVP is that, the inner scheme must be
Cauchy stable on (—oo, 00), and that the Kreiss condi-
tion is fulfilled, i.e. there are no eigensolutions for the two
quarter-plane problems.

Furthermore, in [5] it is shown that if the conditions in
theorem 1.1 are fulfilled, the normal mode analysis leads
to strong stability.

Here, we will use the method of lines approach, the hy-
perbolic systems are discretized in space but the time is left
continuous. The semi-discrete system is then analyzed and
stability results derived. The stability of the fully discrete
problem follows from a result of Kreiss and Wu [7]. They
have shown that under weak conditions, if specific Runge-
Kutta or multi-step schemes are used for time-integration,
the stability of the fully discrete problem follows from the
stability of the semi-discrete problem.

Explicit difference operators for PDEs have been con-
sidered, for example in [1], [2], [5] and [9]. In [5] strong
stability for hyperbolic systems in one dimension is shown
for the fourth order case. In this paper we generalize the
result to general order of accuracy 2r. The organization
of the paper is as follows. Section 2 presents the stability
analysis on the scalar model problem u; = awu;. In sec-
tion 3 the result is generalized to systems, and in section
4 numerical results on the two-dimensional wave equation
are presented.

2 Scalar model equation for IBVP

Consider the problem

(1) Ouéa;,t) _ a@ua(:rm,t),

2) u(=,0) = f(a),

(3) u(0,t) = g(1),

a#0, 0<zr<o0, t2>0,

ifa <0.
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We want to solve the above problem by difference ap-
proximation. Therefore, we introduce the mesh width
h, and divide the z-axis into intervals of length h. For
j=—-r+1,-r+4+2,...,0,1,... we use the notation

’Uj(t) = ’U((E]‘,t), ; = Jh

We approximate (1) for j = 1,2,... by a centered finite

difference scheme of order 27
28 = aQuy(t),
v;(0) = f(z;),

(4)

where

r

Z a,EY,

v=-—r

W
EYv; = vjp,

(5) Q=73

is difference operator and the coefficients are given by

(=n"t(r)?

= oo Y= Lo

(6)

a_, = —q,, v=20,...r

Because the operator is 2r + 1 points wide we need extra
boundary conditions at points z_,, v =0,1,...,r — 1. If
a > 0, we have outflow at z = 0, and use extrapolation of
order g

(7) (hRD)v_,(t) =0, v =20,1,...,r=1

If a < 0.z =0is an inflow boundary, and by differenti-
ating the boundary condition u(0,t) = g(t) and using the
differential equation we obtain

(8) o ZH0Y g, p=0,1,..
We need

Lemma 2.1 We have the following expansion for smooth
functions u(z)

o0
)+ D cthPuPr+20(0),

i=1

(9) (D+D_)"u(0) = u®)(0

whereh D, = E~Tand hD_ = [—-E~'. The coefficients
are defined as

Proof

ICOSAHOM 95

(D+D-)*u(0)

D.D_)*~1 S° 282172 (2 (g
(271"

J1=1
+D_ )1l (0)

h2_71 -2
Z 2 (271)! (D

It

2C ¢
hZJl -2 h2]2 2 .
j12_212 (251)! ;-‘:4 2 22!
oC
hz]u -2
Z 2 (2 )l

Jv=1

u20t+i0))(0)

§ zv%f_”u(z(aw +32)(0).

Jise

This shows that (D,D_)" has an expansion of the form
(9). To compute the coefficients ¢}/ we note that

(D+D-) = (E-D¥E™

= b X (GBI

where the binomial theorem have been used. Thus,

2 () e

k=0

(D+D_)u(0) =

Expanding u(z,_) in Taylor series implies

Zhl 2 u(0) §* (2k”>(—1)k(u— k).
k=0

The coefficient ¢} is then obtained for [ = 2(v +j) and the
proof if complete . o

As boundary conditions for the difference approximation
in the inflow case we approximate (8) for v = 0,...,r—1
by

(D+D_)"u(

(10) a*(DyD_)*vo(t) = T_i_lcyh%g(z”””(z)
+D-)Ywlt) = B e

For v = 0 the coefficients are cg = 6;,0, and (10) is valid

also for the analytic boundary condition.

2.1 Necessary and sufficient conditions for
stability

A necessary condition for stability of our semi-discrete ap-
proximation, defined in (4), (7) and (10), is that the as-
sociated eigenvalue problem has no eigenvalues or general-
ized eigenvalues. That is, our semi-discrete problem with
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g =0, f =0, has no solutions of the form

(11)

where s are the eigenvalues. Substitution into (4), (7) and
(10) yields the eigenvalue problem

vi(t) = €',

,
(12) §p; =a Y aw@ip, J=12,.., 5=sh,
(13) Dip_, =0, v=0,....,7r—1, ifa>0,

(14) (D4+D_)’go =0, v=0,...,r—1, ifa<0,
(15) folla < oo

The characteristic equation to the difference equation (12)

is ,
§ = aZa,, (ﬁa"—ﬁ_").
v=1

(16)
Scalar product and norm are defined by

o>

w)p = ijwj

j=1

[olln = (v,v)n-

(17) (v,

First we note that in [5] it is shown that for sufficiently
large |5, Re § > 0, there are no eigenvalues. Furthermore,
when Re 3 — oo, the x with |&| < 1 converges to zero.
We need

Lemma 2.2 1) The characteristic equation (16) has ez-
actly r roots

|kj] <1 for Re5>0, 7 =1,...,r1,

and there are no roots with |k;j| =1 for Re § > 0.

2) For § = 0 the only roots to the characteristic equation
(16) with absolute value one are k = £1. Furthermore they
are simple.

3) In a neighborhood of 5§ = 0 the roots with |k;| < 1 for
Re 5 > 0, and absolute value one for § =0, are of the form

+ 0(3?),

_n2 2
2a Z (EEIIUCETI

Ky =1+2 +O( ),

Proof

1) The statement follows from a result in [5].

2) Also in [3] it is shown that the operator can be factorized
as

K1 = -1+ ifa>0,

ifa<0.

r—1

Q = Dy Y (-1)"8,(K*D+D_)",

v=0
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where the coefficients are defined recursively by

ﬁV=4V_Lj'_2:BV—17 v=1..7-1,

Bo = 1.
. . 2v
Since (R2D4+D_)"k? = &’ 3“—:,1,)—-, the characteristic equa-
tion can be written as

(k — 1)2"

ZB(I

Let 5=0, k =%, —m < £ < 7, and note that

(=)

then the condition to have a root on the unit circle is

r—1
aisin €Y 3,2%(sin -25-

v=0

§= a%(ﬁ— K~
— (—I)VQZV(Sin %)21}1

)* = 0.

The second factor is positive for all £ except € = 0 for
which it is zero. Therefore the condition can be fulfilled
only if £ = 0 or & = =m, i.e, if Kk = £1. To show that
these roots are simple, let p(k) = Y., _  a, (k¥ —Kk7Y). A
necessary condition for k = %1 to be a multiple root is
dp(£1)/dx = 0, but

r

ds(:) = 2—:1 (K + KTY)RTL
T

dg:) = 2 lauz/
v=

EE = 2% a1

(r)?

- ZUZ Zr_,_,,—)l(r o) ?S 0,

shows that x = %1 are simple roots.
3) For § = 0, the solutions to the characteristic equation
(16) with absolute value one are

kM = £1.

Since,

(1+e)* = 14+ ek +0(e?),

and
(-1+¢)f = (-D)*(1 - €k) + O(¢?),

the characteristic equation (16) gives for small § and (1) =
1+4+¢
T T
§= aZak (L+e) = QGGZakk+O(€2).
k=1

k=1

~(1+e)7F)
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Consistency implies that Y, _, ax k = 1/2, therefore
Y =142 +0(8).
With k& = —1 + € we have

§ = 2aeiak(—1)k+1k+0(62)
k=1

T e
= 2ae % =Ry + O)

where Y}, (H_—,S,‘ﬁ is positive. Thus,
S .
K‘(Z) = -1+ [3 (r!)2 +0(52)
T
2a kgl R {r k)

By selecting the roots satisfying |x| < 1 for Re 5§ > 0, the
third statement follows and the lemma is complete. |

By Lemma 1.2, there are r roots &, v =1,...,7, with
|k, < 1 for Re § > 0. The general solution of (12) with
ll2lln < > can be written in the form

( 8391' = lej["‘il] +Cgfj[f€2.l'$1] + ... +c,«f]-[nr,...,n1],
1 .
ki ke i E k= 1,2,
where
filkl = &
fj[f{[ ..... /‘Ck] = fj[mvm'mk’;l]:ﬁ[m—l """ Kk], > k.

If for instance k; = ko = K is a double root, then f;[Kk2, k1]
becomes jx? ™. If kK, = Koy = K3 = K is a triple root then
filks. ko, k1] will become j(j — Dri72. Ifky =Ko =...=
k; = & is a root with multiplicity [, then f;ki,..., k1]
becomes Wl‘!_%))!l{‘j_uil), and the solution (18) to the
eigenvalue problem in this case can then be written as

T
$j = (51 +C ...+ Eljl—l)l‘-?] + Z Eyfj[liy, ceey ml+1].
v=I+1

Therefore by using the form (18) we can treat simple roots
and multiple roots simultaneously.

To be able to express the boundary conditions in terms
of k we need the following relations for the difference op-
erators D, and D_

(hD4)?x!

(RD ) MW *! = k)

(hD4)* %K (k — 1)

= ...=rK(k—-1)1,

(h2DyD_) kI h? DYDY ki = h? DI~

Il

= k(-1
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By (18) the outflow boundary conditions becomes

(hDy)igp_, = kzijl cx(AD ) f oKy s 1]
(19) = kZ:I ckgulkky .- 81) = 0,
v=201...,mr—1,
with
als] = C55,
P PR g,,[m,...,nk+1]—g,,[m_l....,nk]’ 1>k

Ki—Kpg

The inflow boundary conditions becomes

(R*DyD_)’ ¢y = kz ex(R?DyD_)" filkk, ..« k1] |20
=1
= Y ekgulBrs ... k1] =0,
k=1
v =01,...,n—1,
(20)
where
gl = S5,
gu[ﬁla ) K:k] = PILIERTS Y FILIEABSLEY , 1>k

K{—RKEL

The systems of boundary conditions (19) and (20) we write
as

where D is the (r x r)-matrix

golk1] golka, k1] golKrs -y K1)
gl[K’l] Ql["izﬂil] gl[ﬂr,... ,Kl]
gr—l[ﬁl] gr—l[f‘éz, Nl] gr—l[ﬁr, ceey fil]
and
g”;—},)gv, a <0,
gu[s] =
—(K;L,l)q, a>0,
gl Kk = g”[””""'{"'*,;]:z:[m“’”"’“‘], >k

The be able to calculate the determinant of D we use
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Lemma 2.3 D can be factorized as

D = DI[;Z; B-—;Crejy 7> 1,

-+ 0O )
0 b

(s
B,,—( “i,

(s

!

with

B, =

rT—v O

l/

Kr—(v—1) — /il) !
(’ir—(u~2) - KZ)

(kKr—1 — Iiu—l)_l
(kr = ’iu)_l

golk1]  golk2] ... golss]
D =

gr-1{k1]  gr-1[k2] gr-1{fr]
Here B,,C,. and D~ are of size (r x r), B, is of size
(v+1) x (v+1)), C, is of size (v X v), and I,, denotes

the identity matriz of size (v X v).

~1
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Proof
go[k1] go[kz2, k1] go[Kr—1,...,K1]
D = :
gr—1[l~”~1] gr—l[liz,m] gr~l["5r—1y-'~7’51]
golkr,.... —golkr—1..-..51]
ﬂr—xl
gr—1[kr..... '\72]—'91'—1['97'—1!'--!"1]
Kpr—K1
go[m] go[lir_l,...,.‘cl]
gr—1[r1] gr—l[ﬂr-l,---,ﬁl]
go[l{r,...,lizl 1
. 1 -1
gr—1[Kr, ..., K] 1
1
X
1
(kr—k1)™
go[k1] golkr-2,...,61]  golkr—1,..., k2]
gr—l[lﬂ] gr—-l{’ir—27~~-7ﬁ/1] gr-l[lir-h---,fn]
golkr, ..., K3l 1
: 1 -1 x
gr—1[Kr,. .., K3] 1 -1
1
1
1 BlC'l.
(Kr—1— k1)t
(Kr — Kk2)~!
By repeating this procedure gives the factorization. a

The factorization of D makes it easy to calculate the de-
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terminant. First we note that

detB; = 1, j=1,...,7r=1,
deth = Hi:l(ﬁr—j-i-k_ﬂk)_l’ _] = 1,...,7‘—1
Therefore,
r—1 r—1 7
[1 detC; = [T (kr—jsr—rr)
J=1 j=1lk=1

(kr—ra)"t... (k3 —K2) (Kr—fr-1)~
= Il (s—r)7?
r>j>i>1
= (-DFC-UT ] (mi—ky) 7!
r2i>i>1
= DR T ()
r>i>i>1

Now it only remains to calculate the determinant of D.
In the outflow case we have with v; = (k; — 1)¢

Y1 Y2 e r
2 22 dr
~ K1 K2 e Kr
D = .
71 o) Yr
r—1 T—1 r—1
"y Ko Kp
1 1 1
L 1 1
K1 K2 Ky
1 1 1
ﬁ{—l n;_l Fl’
"
Y2 =
= DG,
Yr

where the D is a Vandermonde matrix. Let

1 1 o1
o Iy Tn
V = R
rg ozt Tn
then the determinant of V' is [, ;5.50(%; — z:). With
n=r-—1and z; =1/k;41,: =0,...,7 — 1 we have
A 1 1.y — 1 _ 1
detD = H . Kj+1 Ki+1> - 11 (Ng Nz‘)
r—1>3>1>0 r>j>i>1
— H Ki—™hKj
- KiKkj

r>i>i>1
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and .
deth = [ S22 T ex - 1)".
r>j>i>1 Rify oy
Finally,
T T
detD = (=1)2C=0r [T =5 [T (k= 1)9
j=1" k=1
— ( 1)%(7‘—1% (Hzr—_]i)q
]:l J

By Lemma 1.2, there is no eigenvalue with Re 5§ > 0 for
the outflow problem.
In the inflow case we have

1 1 o1

(r1=1)2 (k2—-1)2 (sr=1)2
- — T

(n1—1)2(r_1)

Nr—l
1

(np=1)2r—1)
—
: %

(Nr_l)'..’(r—l)
T —

K

Since this also is a Vandermonde matrix we immediately

2

: (ki1 =1)7
get with z; = L;L—l—
detD = [ (Ll _ (oD
r>j>i>1 i
- H (kj—ri)(kik;—1) r> 1.
r>i>i>1 ki
Thus,
1 -2, r>1
detD = rzj>izl o
1, r=1,

which only can be zero if k;x; =1, i # 3, 1 <4, <7, 7>
1. By Lemma 1.2 this is not possible for Re § > 0, and
there are no eigenvalue to the inflow problem.

We have proved

Lemma 2.4 There are no eigenvalues § with Res > 0 to
the eigenvalue problem (12) with outflow (13) or inflow
(14) boundary conditions.

Finally, we have to show that there are no generalized
eigenvalues when Re § goes to zero. We have

Lemma 2.5 There is constant 6 > 0 such that, on any
compact set |5| < C, Re §-> 0, the roots K1, ..., K, of the
characteristic equation (16) satisfy the inequalities

lk; —1]>6, j=1,...,rifa >0,

-z 126i#j 1<ij<rifa<o.

Ki
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Proof
The roots are continuous functions of 5. Therefore, the
inequalities can only be violated if for some 5, Re 5§ > 0

kj =1 when a>0or k;x; =1, i # j when a < 0.

The first statement of Lemma 1.2 tells us that this can-
not happen for Re 5 > 0.

Let @ > 0 and x; = 1, then from (16) § = 0. However,
the third statement of Lemma 1.2 tells us that k; = —1
and we have a contradiction.

Let a < 0 and k;x; =1, i # j, then (16) implies

T T

i = > a,(kf - k%)= > QU(’”"'; - Kj-u)
v=1 v=1
T T .
= Loon " —kY) == Y okl —K7Y) = -z
v=1 v=1

Thus, § = 0 and we have a contradiction since k;x; # 1
according to statement two and three of Lemma 1.2. This
proves the lemma. a

2.2 The main results
We now have the main result

Theorem 2.1 The approxzimation defined in (4), (7) and
(10) is strongly stable and the error of the solution is of
order h*" if ¢ > 2r.

Proof

From [5] it follows that the approximation is strongly sta-
ble since it has no eigenvalues or generalized eigenvalues
and the operator is semi-bounded for the Cauchy problem.
Therefore it remains only to validate that the error of the
solution is A?". Let u be a smooth function and denote by
e;(t) = u(z;.t) — vj(t) the error, then we have

il — Qe (t) + hTFi(t), j=1,2,...,

e;(0) = 0, i=12...

For the boundary conditions we have, if a < 0

h*a* (D4 D) eo(t)
= h* (a® (D4 D_)"u(0,t) — a® (D1 D_) v (t))

x . 52(v+3)
— 2v 2v vp25 9 u(0.t)
= h (a X%)th B2 F )
j=

rT—v—1 ;
. g(2(v+i))
.7 vhljg t
a > cih J—pJ—la 3 )

j=0

= C¢,U hZTQ(ZT)(t) +O(h2r+2) — O(h2r)’

a2(r=v)

v=20,...,r—1.
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We note that for v =0, ¢ = 0, and therefore the error of
the analytic boundary condition ey = 0.
For a > 0,

(hD1)%e_,(t) (hDy)u(z_y,t) = (RD4)%v_, (1)

= (hD:)1u(z_,,t)

- hqam(x_u,t) +O(hq+1) — O(hq),

oz9
v=201,...,r—1.

Therefore, from the strong stability and since the forcing
is of order O(h%" + h?), we have the following estimate for
the error

eI = Const/o (IR* F(D)[R+|0(h*")1*)dr = O(h*"),

if g > 2r. |

3 Systems

Consider the system

U = Au,, 0<xr<o0, t>0,

(21)
with initial conditions

(22) w(z,0) = f(z).

Approximate by a finite difference approximation of order

2r
0 — Qui(t), j=1,2,...,

’Uj(O) = fj, ] = 1,2,...

(23)

where _
1 — .
Q = AE V_Z-r O(UE .

Since A can be diagonalized, we can assume A having di-
agonal form with

AI
A:( AH),A">O,A”<0.

The boundary conditions can be written as
(24) u’1(0,t) = Ru(0,t) + g(t).

Differentiation of the boundary conditions (24) and the
differential equation (21) give us

a2uu11(0’t)

2uu1 _ v
4 - 528 (0,t) +(AII) 2ug(2 )(t),

v Oxv

S, = (A= R(AT)>, v =0,1,....
(25)
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As boundary conditions for the in-going characteristic vari-
able we approximate (25) for v = r—1,...,0 by

(26) Quuii(t) = S,Quui(t) + (ATT)=2g@(2),
where
r—v-—1 ]
= (D+D-)" = Y AP Quyy.
j=1

The reason to define @, this way is that Q,u(0) will be
an approximation of u(?)(0) of order h?"~2¥. This is ex-
actly what we need for the boundary conditions to be of
order h". For the outgoing characteristic variable we use
extrapolation conditions

(27) D+U—zx( ) =0,
We have the following result

Theorem 3.1 The approzimation defined by (23), (26)
and (27) is strongly stable and the error of the solution is
of order 2r if ¢ > 2r.

Proof

The ©! approximation is decoupled from v’ and is already
discussed and strongly stable. We can now think of v! as
a given function and write the boundary conditions for v/
as

v=01...,n—1.

Qurii(t) = g-u(b),
g_,,(t) = S,,Q,,vé(t) + (A”)Azug(zu)(t)v
v=20,...,r—1.

Now we can think of the approximations of v!/ as consist-
ing of scalar equations which we already have discussed.
By theorem 1.1 they are strongly stable.

Let u be a smooth solution. Denote by, e;(t)

Il

u(z;.t) — v;(t), the error, and we obtain the system
) = Qej(t) +h¥Fj, j=1,2,...,
Cj(O):O, ]:1,2,

For the inflow part of the boundary conditions we have

h2 (Queéj(t> - Squeé(t))
— h2u (Quull (0! t)—SyQyul(O, t)_(AII)—Zug(Zu)(t))

_ hu(E‘ZV w11(0,¢)

ox2v

+ O(h2r 21/)

STV

S, (d f(o,t) + O(th 21/)) _ (AII)‘Z"g(Z")(t))
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and for the outflow part
(hD+)qe£1/(t) = (hD+)quI(Z—V7t) -
= (hD+)qlL[(CC_,,,t)

(hD'{-)qU{—u(t)

- padtul(z. (z-v:t) L O(RI+1)

oxd
= O(h9), v =0,1,...
This shows that the forcing is of order O(h?") + O(h?) and

the desired estimate follows from the strong stability of the
approximation. o

, 7 —1.

4 Numerical results

Consider the two-dimensional wave equations

w =AU, +Au;,, 0<z <1 0<z2,<1, t20,
(28)
where u = (p uv)7 and
0 -1 0 0 0 -1
A = -1 0 0}, A= 0 0 O
0 0 O -1 0 O

The components of u are pressure and the velocity in the
r1 and 9 direction. With the boundary conditions

p(th:t) = p(171,1,t) =

(29) P(Oyl?z,t) = p(LxZat) = 07 tZ O:

and initial conditions

p(z1,22,0) = sin (wyz;) sin (wazs),

(30) u(zy,22,0) = 0,

’U(.Tl, Io, 0) = 0,

where w; = mm and ws = nm, m,n = 1,2,..., the exact

solution is

p(x1,2,t) = sin (wiz1) sin (wazs) cos (VA L),
u(z1,z2,t) = —% cos (w11) sin (waxs) sin (VA t),

v(zy, T2, t) = — <% sin (w11) cos (wazs) sin (VA 1),
(31)
where A = w? +w3 . Let hy and hy be mesh widths in the
z1- and xo-directions, and divide the axis into intervals of
length h; and hg respectively. For i = —r +1,... N, +
r—landj = —r+1,..., Nz, +7—1 we use the notation
uﬁj(t) = uh(ﬂ?u,l’Qj,t), T1; = ’ihl, 332]- = jhg,

thJ;l = h;_)]\fz2 =1
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We approximate (28) by a centered difference approxima-

tion of order 2r

du?.j h . -
7 = (."11 QJ'l +A2ng)ui.j, 1 = 1,...,]\/3;1 —1,
j = 117\/—1'-3 -1,
(32)
where uf‘_j = (ph u" vh)zj and
r
Q.E», = hL_ Z al/Ei;7 Fy = 1727
v=-=r
h _ ;h h _ h
Ewg; =uwl, ;. Eawly =ug; .

To get extra boundary conditions for the numerical scheme
we differentiate the boundary conditions (29) with respect
to time and use the differential equation (28) to obtain

o D p(jeat) 9% plrigt) _

(33) (),? - i’).pgl" = 0, J = 0.1.

We approximate (33) for v = 0..... r — 1 with

(Do D_ )*p}, =0. i=0.N,.j=1...N,-1
[D__,_,D_‘__,)"”p,.‘__,- =0. j=0.Np,.0=1...... Ny, — 1,
134)

where D and D_ _ are the usual forward and backward

differences in the the ~-direction. At x; = 0.1 we need
boundary conditions for u” and at z; = 0.1 for v". These
conditions are obtained by extrapolation of the locally out-
going characteristic variables. Thus, for v = 0..... r—1
we have

s )2r(ph + vh)i_x_l,ﬁ,, =0.i=1,...,N,, — L.

We now use the numerical boundary conditions (34) and
(35) to modify the operator close to the boundary. The
reason why we solve the differential equation only at in-
terior points, i = 1,.... Ny, — 1, j =1,....N,, — 1, is
that it simplifies the implementation, and since p = 0 at
the boundary. we will have u = 0 at zo = 0,1 and L = O
at r; = 0,1. Furthermore. u? i at i =0,N; and vl ija
J = 0.\, are given by the extrapolation conditions (35)
with v = 0.

Figure 1 shows the pressure component of the numerical
solution obtained using the sixth-order scheme, (32), (34)
and (33) with r = 3.
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Figure 1: Pressure component of numerical solution of the
two-dimensional wave equation at ¢t = 0.5. w; = wy = 47.

4.1 Convergence rate of high-order meth-

ods

To analyze the convergence rate of the numerical so-
lution we make a grid refinement study on the two-
dimensional wave equation. The Log;q of the L, error.
Logo(|ju — u?|2), is computed at a fixed time t = T. and
the convergence rate between two grid densities are plot-
ted. For the second- and fourth-order scheme a fourth-
order Runge-Kutta scheme was used for time-integration.
and for the sixth-order scheme a sixth-order Runge-Kutta.
The time step was chosen such that the error of the time-
discretization was smaller than the error of the space-
discretization. The convergence rate was computed as

hy

lu—u™,
glO(hz)'

q= logm(m)/lo

The results are shown in table 4.1.

The results in table 4.1 agrees well with the theory of
Gustafsson [3] and [4] which predicts that boundary con-
ditions of order p — 1 must be imposed to retain pth-order
global accuracy. Since all boundary conditions considered
here are of order 2r — 1 we get global accuracy of order 2r.

4.2 Efficiency of high-order methods

The efficiency of high-order methods compared with sec-
ond order methods has been studied in [8] and [11]. The
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Second-order Fourth-order Sixth-order
Grid  Log(Lz) q Log(L2) q Log(L2) q
21 -1.176 -2.708 -4.262
41 -1.753 1.92 -3.956 4.14 -6.622 7.83
81 -2.344 1.96 -5.177 4.06 -8.149 5.07

Table 1: Grid convergence of schemes on two-dimensional
wave equation with wy =ws =27, T = 1.

conclusion is that the high-order methods are more eflicient
than low-order ones for hyperbolic problems with smooth
solutions, except when very low accuracy in the solution is
needed.

As a test of the efficiency of the fourth- and sixth-order
methods compared with the second-order method, we com-
pute the numerical solution and compare it with the ex-
act solution of the two-dimensional wave equation. This
is done at a fixed time, ¢ = 0.5, on successively refined
grids, with Nz, = N, = N, and for different frequencies
w1 = wp = w. On each grid we compute the relative error,
lu = u”l|2//|ull2, and measure the consumed CPU time
Tepu. For the second-order and the fourth-order schemes
a fourth-order Runge-Kutta scheme with four stages was
used to integrate in time. For the sixth-order scheme a
sixth-order Runge-Kutta with seven stages was used. For
all Runge-Kutta schemes the time step was chosen such
that the error in the time-discretization was of the same
order as the error of the space-discretization and as close
to the stability limit as possible. All computations was
done on a SUN Spark-Station 10 equipped with a 40 MHz
processor and without external cache. The results are pre-
sented below.

Table 4.2-4.2 shows clearly the high efficiency of the
fourth- and sixth-order methods compared with the
second-order one, this is true in particular for high fre-
quencies and high accuracy requirements in the solution.
If we want to compute the solution of the problem with
w = 47, with a relative error of 0.001, the second-order
method would need approximately 0.9 CPU hours while
the fourth-order method would need less than 29 seconds
and the sixth-order one less than 15 seconds. For lower
frequencies and lower accuracy requirements in the solu-
tion the gain is not that big. In table 4.2 a relative error
of 0.01 would require approximately 0.5 second CPU time
for the second-order method, 0.1 second for the fourth-
order method and less than 0.3 seconds for the sixth-order

Second-order

Fourth-order

Sixth-order

Ju-uhj, ju-uhy,
Prs Topw 2

3.46-10"% 0.09 5.01-10-% 0.32

Tr:pu

u-u*j,
i

9 5.88.10"2 0.03

17 1.63-1072 0.14 2.43-107% 0.57 2.47-107% 2.0
33 4.10-107% 090 1.50-10~%> 3.8 6.62-10"% 15
65 1.02.107% 6.7 8.95-10"7 29 959-107!0 115
129 2.556.107* 52 5.36-107% 228 1.22-10"11 911

1822 -10-18

—
[$)3
[

257 6.40-107% 415 3.26-10"°

513 1.60-10~5 3305

Table 2: Relative error and consumed CPU time. w =7

Sixth-order

u-ufj,
PR Te

2.59-1072 0.33

Second-order Fourth-order

N lu-ut, flu—utj,

Mz - leev g o Tepu

9 5.03-107! 0.03 1.01-10"! 0.10

17 1.15.10°! 0.14 7.75-107% 0.57 4.50-10"% 2.0

33 2.72.1072 0.90 4.44.10~¢* 38 7.38.107% 15

65 6.74-107% 6.7 2.52-107° 29 866 -10"% 115
129 1.70-1073% 52 1.48-10"% 228 995-10710 913

257 4.29-10"% 415 896-10"% 1818 1.19-10~1

513 1.08.10"% 3312

Table 3: Relative error and consumed CPU time, w =27
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Second-order

lu—u*tj,

Fourth-order

Sixth-order

N _u Tepu ||u—uuZ|z Tepu uu—“u: 2 1.,
9 1.29-10° 0.03 9.50-10"! 0.10 1.66-10° 0.33
17 7.84-1071 014 1.69-10"!' 058 4.63-1072 20
33 267-107' 091 1.09-1072 3.9 4.40-107¢ 15
65 6.10-1072 6.8 6.55-107* 29 2.73.10% 116
129 1.45-1072 32 4.03-1075 229 505-10"% 913
257 3.59-1073 416 2.51-10~% 1817 8.86-10"10 7274
513 8.95.107* 3314

Table 4: Relative error and consumed CPU time, w =47

Second-order

Fourth-order

Sixth-order

N DRl e, DR T DRl T
9 1.00-10° 0.02 1.00-10° 0.10 1.00-10° 0.32
17 1.14-10° 0.13 1.41-10° 0.57 9.87-10"1! 20
33 9.85-10"! 0.90 272-107! 3.8 3.84-107% 15
65 5.22-10"! 67 1.97-107%2 29 3.76-10"% 115
129 1.23-107! 52 1.25.107% 228 6.33-107% 911
257 290-1072 415 7.84-10"5 1822 1.09-107 7268
513 7.15-1073 3315

Table 5: Relative error and consumed CPU time, w = 87
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one. Thus, it is only for a relative error of the order 0.1 and
low frequencies that the second-order method can compete
with the high-order ones. Tests with a three-stage second-
order Runge-Kutta in combination with the second-order
scheme in space was also made. However, the combination
second-order in space and fourth-order in time turned out
to be more efficient.
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