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R E P R E S E N T A T I O N S OF L A T T I C E S AS 

C O N G R U E N C E L A T T I C E S 

Wi11i am A . Lampe 

§1. I N T R O D U C T I O N 

In [1] B i r k h o f f posed the p r o b l e m of c h a r a c t e r i z i n g 

the l a t t i c e of all c o n g r u e n c e r e l a t i o n s of an a l g e b r a . It 

is easy to see that this l a t t i c e is a c o m p l e t e l a t t i c e . In 

[9] G . G r a t z e r and E. T . S c h m i d t s h o w e d t h a t e v e r y a l g e b r a i c 

l a t t i c e is i s o m o r p h i c to the l a t t i c e of all c o n g r u e n c e 

r e l a t i o n s of some fi ni tary a l g e b r a . The c o n v e r s e had been 

known for some t i m e . R e c e n t l y , a n u m b e r of o t h e r r e p r e s e n t a -

tion t h e o r e m s i n v o l v i n g the l a t t i c e of c o n g r u e n c e r e l a t i o n s 

of an a l g e b r a have been p r o v e d . One such t h e o r e m is that 

e v e r y c o m p l e t e l a t t i c e is i s o m o r p h i c to the l a t t i c e of all 

c o n g r u e n c e r e l a t i o n s of some a l g e b r a . In this paper we will 

s u r v e y t h e s e r e s u l t s and d i s c u s s the b a s i c m e t h o d used in 

their p r o o f s . We will also m e n t i o n some of the open p r o b l e m s . 

(No o r i g i n a l i t y is c l a i m e d for the p r o b l e m s ) . 

§2. T E R M S AND N O T A T I O N S 

Let a be an o r d i n a l and A be a s e t . If 

ry 

f : A + A , then we say t h a t f is an a - a r y o p e r a t i o n on 

A . 2J = ( A ; F> is an a l g e b r a iff F is a f a m i l y of 
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o p e r a t i o n s on the set A . We say SI is of c h a r a c t e r i s t i c m 

iff m is the l e a s t r e g u l a r c a r d i n a l such t h a t for any 

o p e r a t i o n f of SI if f is a - a r y then a < m. Si is 

f i ni ta ry iff Si is of c h a r a c t e r i s t i c K g . si is i n f i n i t a r y 

if Si is not fini ta r y . If £ e A
a
, then the i*

11
 c o m p o n e n t 

of £
 l s

 d e n o t e d x . . If 0 is an e q u i v a l e n c e r e l a t i o n on 

A and if % e A
a
, we w r i t e £ = % (0) iff x^ = y . (0) 

for e v e r y i < a . 0 is a c o n g r u e n c e r e l a t i o n of îl iff 0 

is an e q u i v a l e n c e r e l a t i o n on A and for any a and any 

a - a r y o p e r a t i o n f and any % e A a f ( & ) = f(^) (0) w h e n -

ever £ = XJ (©)• Con ( Si) is the set of all c o n g r u e n c e r e l a t i o n s 

of ) = < Con (at) ; £ > is the c o n g r u e n c e 1 atti ce of 91. 

Si is s i m p l e if jCĵ jn(SJt) is the two e l e m e n t c h a i n . Let 

SI = <A; F) be an a l g e b r a , and let B c A . B is a subal gebra 

of iff for e v e r y a and for e v e r y a - a r y o p e r a t i o n f of 

Si and for e v e r y £ e B a it holds that f(^) e B. sub(si) 

is the set of all s u b a l g e b r a s of si. By c o n v e n t i o n 0 e Sub(Si) 

iff Si has no 0 - a r y o p e r a t i o n s . SjjJb ( si) = (Sub(Si); c> is 

the s u b a l g e b r a l a t t i c e of 21. Let £ e A a and a : A + A 

then is the s e q u e n c e % e A a with y^ = x^a for e v e r y 

i < a . a is an e n d o m o r p h i sm iff f ( & a ) = f (̂ c ) a for e v e r y 

o p e r a t i o n f and e v e r y End(SI) is the set of all 

e n d o m o r p h i sms of SI, and ^ d ( ^ ) = <End(Sl); o> is the 

e n d o m o r p h i s m s e m i g r o u p of SI. A 1-1 onto e n d o m o r p h i s m is 

an a u t o m o r p h i s m , and £^t(si) = <Aut(si); o ) d e n o t e s the 

a u t o m o r p h i s m g r o u p . 
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^ = < L ; _< > is a c o m p l e t e l a t t i c e iff ^ is a 

p a r t i a l l y o r d e r e d set such that any H c l has a join 

( s u p , \/H) and a m e e t ( i n f , /\H). L e t m be a r e g u l a r 

c a r d i n a l . The e l e m e n t c of the c o m p l e t e l a t t i c e jÇ is 

m - c o m p a c t iff w h e n e v e r c £ \/ H then c <_ \/Hq for some 

HQ with HQ C H and | H Q | < m . The c o m p l e t e l a t t i c e 

is m - a l g e b r a i c iff e v e r y e l e m e n t is the join of some set of 

m - c o m p a c t e l e m e n t s . ^ Q - a l g e b r a i c l a t t i c e s are s i m p l y c a l l e d 

a l g e b r a i c l a t t i c e s . C l e a r l y , any c o m p l e t e l a t t i c e is 

| L | + - a 1 g e b r a i c . 

^ is a p a r t i t i o n l a t t i c e iff d ^ is a s u b l a t t i c e 

of the l a t t i c e of all e q u i v a l e n c e r e l a t i o n s on some set such 

that e q u a l i t y and the total r e l a t i o n are m e m b e r s of 

§3. H I S T O R Y AND R E S U L T S 

In [3] G . B i r k h o f f and 0 . F r i n k s h o w e d that the 

c o n g r u e n c e l a t t i c e of a f i n i t a r y a l g e b r a is an a l g e b r a i c 

l a t t i c e . T h e c o n v e r s e a p p e a r e d in 1 9 6 3 . 

T h e o r e m 1. (G. G r a t z e r and E . T . S c h m i d t [9]): If £ is any 

a l g e b r a i c l a t t i c e , then t h e r e is a f i n i t a r y a l g e b r a SU such 

that .Con( 21) is i s o m o r p h i c to ^ . 

In [9] G r a t z e r and S c h m i d t gave the c o n s t r u c t i o n for 

an a l g e b r a all of w h o s e o p e r a t i o n s were u n a r y , such that 

CojQ^ai) is i s o m o r p h i c to the s p e c i f i e d l a t t i c e ^ . A s i m p l e r 

proof a p p e a r s in [ 1 6 ] . O t h e r p r o o f s a p p e a r in [ 4 ] , [ 1 3 ] , [14] 
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and [ 2 1 ] . The proofs in [14] and [21] are e s s e n t i a l l y the 

s a m e . The v a r i o u s proofs d i f f e r in detail but all use 

b a s i c a l l y the same c o n s t r u c t i o n . The proof in [13] is due 

to R. N. M c K e n z i e . 

Let C be the set of c o m p a c t e l e m e n t s o f . T h e 

a l g e b r a in each of the proofs has |C| • NQ e l e m e n t s and 

|C| • Nq u n a r y o p e r a t i o n s . A long s t a n d i n g p r o b l e m is to 

show t h a t the r e p r e s e n t a t i o n in T h e o r e m 1 can be e f f e c t e d 

w i t h an a l g e b r a h a v i n g one b i n a r y o p e r a t i o n (or at least 

fi ni te 1 y m a n y f i n i t a r y o p e r a t i o n s ) . The known results on 

this p r o b l e m are f r a g m e n t a r y . 

G . B i r k h o f f s h o w e d in [2] that any g r o u p could be 

i s o m o r p h i c to the a u t o m o r p h i s m g r o u p of some f i n i t a r y 

a l g e b r a (in f a c t a unary a l g e b r a ) . His p r o o f has been 

e x t e n d e d to show that any s e m i g r o u p with unit can be the 

e n d o m o r p h i s m s e m i g r o u p of some f i n i t a r y a l g e b r a . (That such 

a r e p r e s e n t a t i o n could be e f f e c t e d using only one b i n a r y 

o p e r a t i o n or two u n a r y o p e r a t i o n s was shown in a series of 

p a p e r s w h i c h e n d e d with [ 1 0 ] ) . 

The " k e r n e l " of any h o m o m o r p h i s m is a c o n g r u e n c e 

r e l a t i o n . T h i s p r o v i d e s a m e c h a n i s m thru w h i c h the 

e n d o m o r p h i s m s e m i g r o u p of an a l g e b r a can a f f e c t the 

c o n g r u e n c e l a t t i c e . (Very l i t t l e is known a b o u t the 

c o n n e c t i o n b e t w e e n JEnjd ( su) and CojnfaO . S e e , for e x a m p l e 

[5] and [ 1 5 ] ) . T h e r e is no such o b v i o u s m e c h a n i s m t h r o u g h 

w h i c h the a u t o m o r p h i s m g r o u p can a f f e c t the c o n g r u e n c e l a t t i c e . 
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So it was c o n j e c t u r e d some time ago that in g e n e r a l the 

c o n g r u e n c e l a t t i c e and the a u t o m o r p h i s m g r o u p are " i n d e p e n d e n t " . 

More p r e c i s e l y , it was c o n j e c t u r e d that if ^ is any a l g e b r a i c 

l a t t i c e and © is any g r o u p then t h e r e is a f i n i t a r y a l g e b r a 

31 such that €oji(aO is i s o m o r p h i c to c ^ and / ^ ( S J ) is 

i s o m o r p h i c to T h a t this c o n j e c t u r e is true f o l l o w s from 

T h e o r e m 2 . In [20] E . T . S c h m i d t p u b l i s h e d an i n c o r r e c t p r o o f 

that this c o n j e c t u r e is t r u e . H o w e v e r , the i n t u i t i v e p i c t u r e 

of the c o n s t r u c t i o n in T h e o r e m 2 is in some w a y s s i m i l a r to 

E. T . S c h m i d t ' s . 

G. B i r k h o f f and 0 . Frink p r o v e d in [3] that any 

a l g e b r a i c l a t t i c e was i s o m o r p h i c to Sub/si) for some f i n i t a r y 

E. T . S c h m i d t gave a very nice proof in [19] t h a t 

a n d Â J & t W a r e i n d e p e n d e n t . This r e s u l t is also a C o r o l l a r y 

to T h e o r e m 2. T h e r e is o b v i o u s l y a third c o r o l l a r y to 

T h e o r e m 2 w h i c h gives a r e p r e s e n t a t i o n for any pair of a l g e b r a i c 

l a t t i c e s . 

T h e o r e m 2 . (W. A . L a m p e [ 1 8 ] ) : If @ is any g r o u p and ï?^ 

and <£\-j are any two a l g e b r a i c l a t t i c e s each h a v i n g two or 

more e l e m e n t s , then t h e r e is a f i n i t a r y a l g e b r a Si such that: 

(i) is i s o m o r p h i c to ô^Q'» 

(ii) Ŝ jJb( U) is i s o m o r p h i c to ; 

( i i i ) is i s o m o r p h i c to 

The M in the p r o o f of T h e o r e m 2 a c t u a l l y has n - a r y 

o p e r a t i o n s for every n > 0 . B i n a r y o p e r a t i o n s w o u l d have 
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done as w e l l , but the p r o o f w o u l d have been a l i t t l e bit 

l o n g e r . If C^ r e p r e s e n t s the set of c o m p a c t e l e m e n t s of 

, then 21 has C | C Q | • 10 -j | • K g ] e l e m e n t s and o p e r a t i o n s . 

In w h a t ways can one " i m p r o v e " this r e p r e s e n t a t i o n ? 

If 21 i s a f i n i t a r y a l g e b r a h a v i n g at m o s t c o u n t a b l y m a n y 

o p e r a t i o n s , then each f i n i t e l y g e n e r a t e d s u b a l g e b r a is 

c o u n t a b l e , and so each f i n i t e l y g e n e r a t e d s u b a l g e b r a has at 

m o s t c o u n t a b l y m a n y f i n i t e l y g e n e r a t e d s u b a l g e b r a s . T h u s , 

in SjyJb(2l) each c o m p a c t e l e m e n t has at m o s t c o u n t a b l y many 

c o m p a c t e l e m e n t s b e l o w it. (The c o n v e r s e was f i r s t proved by 

W . H a n f . It a p p e a r e d in [13] and [ 2 2 ] ) . It is c l e a r then 

that in g e n e r a l one c a n n o t put a bound on the n u m b e r of 

o p e r a t i o n s that the ai in T h e o r e m 2 h a s . But if one omits 

c o n c l u s i o n ( i i ) , then it seems l i k e l y that one could p r o d u c e 

a r e p r e s e n t a t i o n using only f i n i t e l y many f i n i t a r y o p e r a t i o n s . 

One m u s t use at l e a s t one b i n a r y o p e r a t i o n in the 

21 of T h e o r e m 2 for two r e a s o n s . F i r s t , among o t h e r t h i n g s , 

G . G r a t z e r s h o w e d in [5] that the a u t o m o r p h i s m g r o u p of a 

s i m p l e a l g e b r a h a v i n g only unary or n u l l a r y o p e r a t i o n s was a 

g r o u p of o r d e r p w h e r e p = 1 or p is a p r i m e . (A 

c o r o l l a r y of the main r e s u l t of [5] is that any g r o u p is the 

a u t o m o r p h i s m g r o u p of some s i m p l e algebra h a v i n g one b i n a r y 

and m a n y u n a r y o p e r a t i o n s . The unary o p e r a t i o n s h a v e been 

e l i m i n a t e d by J . J e z e k in a r e c e n t paper a p p e a r i n g in 

C o m m . M a t h . U n i v . C a r o l i n a e ) . S e c o n d l y , if 21 is u n a r y 

then the join in S^b(2l) is j u s t set u n i o n , and so S^b(2J ) 
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is then a " c o m p l e t e l y " d i s t r i b u t i v e l a t t i c e . 

Let 9 and $ be e q u i v a l e n c e r e l a t i o n s on some s e t , 

and let 0 • $ r e p r e s e n t the " c o m p o s i t i o n " of 0 and 

Let = 0 , = 0 • = 0 • $ • 0 , = 0 • <£> • 0 • 

e t c . In the l a t t i c e of all e q u i v a l e n c e r e l a t i o n s on the s e t , 

0 v $ = U ( ¥ . | i = 0 , 1 , . . . ) . We say the join in a p a r t i t i o n 

l a t t i c e is of t y p e - n if for any 0 , 0 v $ = ¥ . B . Jtfnsson 

i s o m o r p h i c to a p a r t i t i o n l a t t i c e in w h i c h the join is of type-

2. Cjon(Sl) is a p a r t i t i o n l a t t i c e but it is a s p e c i a l kind of 

p a r t i t i o n l a t t i c e . So a natural and n o n - t r i v i a l q u e s t i o n a r i s e s 

w h i c h is a n s w e r e d by T h e o r e m 3. 

T h e o r e m 3. (6. G r a t z e r and W . A . L a m p e [7]): If is a 

m o d u l a r a l g e b r a i c l a t t i c e , then there is a f i n i t a r y a l g e b r a 

SI such that Co^n(Sl) is i s o m o r p h i c to and the join in 

Con(SI) is of t y p e - 2 . 

I n c o r r e c t p r o o f s for the a b o v e t h e o r e m a p p e a r e d in 

[9] and [ 2 1 ] . 

The a l g e b r a ai in the p r o o f is u n a r y and has |C| • NQ 

e l e m e n t s and o p e r a t i o n s w h e r e C is the set of c o m p a c t 

e l e m e n t s of . One can ask the f a m i l i a r q u e s t i o n s a b o u t the 

n u m b e r and kind of o p e r a t i o n s r e q u i r e d for this r e p r e s e n t a t i o n . 

The new t e c h n i q u e s of [16] w e r e e s s e n t i a l to the 

p r o o f of T h e o r e m 3 . I n c i d e n t a l l y , the join in C£jn(Si) is 

" a u t o m a t i c a l l y " of t y p e - 3 for the p a r t i c u l a r a l g e b r a SI in 

s h o w e d in [12] that a l a t t i c e m o d u l a r iff 
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the p r o o f of T h e o r e m 1 given in [ 1 6 ] . The same is p r o b a b l y 

true for the other p r o o f s . 

By g e n e r a l i z i n g the t e c h n i q u e in the proof of 

T h e o r e m 3 we can m a k e the a l g e b r a 21 in T h e o r e m 2 be such 

t h a t the join in Coji($t) is of t y p e - n and not type n-1 for 

any n _> 3. We can also m a k e the join in C&nfai) be of 

"type a)" - i . e . not of type n for any n. If © is the 

o n e - e l e m e n t g r o u p and C^Q is m o d u l a r , we can c o n s t r u c t an 

SU for T h e o r e m 2 such that the join in Coji(su ) is of t y p e - 2 . 

A n o t h e r p r o b l e m is: w h a t are the a u t o m o r p h i s m g r o u p s of 

a l g e b r a s h a v i n g m o d u l a r c o n g r u e n c e lattices in w h i c h the join 

is of t y p e - 2 ? 

As m e n t i o n e d in the i n t r o d u c t i o n , we also know that 

T h e o r e m 4: If ^ is a c o m p l e t e l a t t i c e , then there is an 

a l g e b r a 21 such t h a t Cojn(su) is i s o m o r p h i c to . 

M o r e g e n e r a l l y , we know 

T h e o r e m 5 . (G. G r a t z e r and W . A . L a m p e [8]): If is an 

m - a l g e b r a i c l a t t i c e , then t h e r e is an a l g e b r a SU of c h a r a c -

t e r i s t i c m such that jCçyi(SU ) is i s o m o r p h i c to 

In g e n e r a l , the c o n g r u e n c e l a t t i c e of an i n f i n i t a r y 

a l g e b r a is not a p a r t i t i o n l a t t i c e . H o w e v e r , we can b u i l d 

the 21 for the p r o o f of T h e o r e m 5 in such a way that 

Con(ai) is a p a r t i t i o n l a t t i c e in which the join is of t y p e - 3 . 
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Such a r e s u l t is not a u t o m a t i c for T h e o r e m 5 as it was for 

T h e o r e m 1. In f a c t , one uses a g e n e r a l i z a t i o n of the 

t e c h n i q u e for T h e o r e m 3. 

Once again the a l g e b r a has v e r y m a n y o p é r â t i o n s , and 

it's not c l e a r one needs so m a n y . 

C o n s i d e r T h e o r e m s 2 and 3 and all t h e i r p r e v i o u s l y 

m e n t i o n e d e x t e n s i o n s . A natural q u e s t i o n i s , "Are all the 

s t r a i g h t f o r w a r d g e n e r a l i z a t i o n s of all these t h e o r e m s to 

m - a l g e b r a i c l a t t i c e s and a l g e b r a s of c h a r a c t e r i s t i c m t r u e ? " 

The a n s w e r is y e s . But the proofs are not e x a c t l y s t r a i g h t -

f o r w a r d g e n e r a l i z a t i o n s of the c o r r e s p o n d i n g f i n i t a r y case 

p r o o f s . T h e r e is also a c o r r e s p o n d i n g array of open p r o b l e m s . 

A "master" c o n s t r u c t i o n from which all t h e s e t h e o r e m s 

f o l l o w will a p p e a r in [ 8 ] . 

§4. THE BASIC M E T H O D 

All the above m e n t i o n e d t h e o r e m s are p r o v e d using 

c o n s t r u c t i o n s that have their roots in the o r i g i n a l 

c o n s t r u c t i o n by G r a t z e r and S c h m i d t for T h e o r e m 1. In this 

s e c t i o n we will m a k e some r e m a r k s a b o u t this m e t h o d . 

To some e x t e n t , the m e t h o d is d e r i v e d from the p r o o f 

of the B i rkhof f-Fri nk T h e o r e m on Sub (31 ). So we will s t a r t 

the d i s c u s s i o n t h e r e . But f i r s t we need to d e f i n e some m o r e 

t e r m s . 

Let C be some f a m i l y of s u b s e t s of the set A . 

C is a c l o s u r e s y s t e m iff g i v e n any f a m i l y (D. | i e I) 
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with D. e C for e v e r y i e I it also holds that 

fl(D. | i e I) e C . For B £ A we d e f i n e the C - c l o s u r e 

(or s i m p l y , c l o s u r e ) of B by [ B ] c = fl(D | D e C , B c D) . 

Since A e C , B £ [ B ] c e C . B is c l o s e d iff B = [ B ] c e C . 

The c l o s u r e system C is an a l g e b r a i c c l o s u r e system iff C 

is also c l o s e d under d i r e c t e d u n i o n s ; i . e . , if the f a m i l y 

(D. | i e I) is a d i r e c t e d p a r t i a l l y o r d e r e d set (under set 

i n c l u s i o n ) and each D^ e C , then U ( D . | i e I) e C . In an 

a l g e b r a i c c l o s u r e s y s t e m a set is c l o s e d iff it c o n t a i n s the 

c l o s u r e of each of its f i n i t e s u b s e t s . For a r e g u l a r 

c a r d i n a l m one can d e f i n e an m - a l g e b r a i c c l o s u r e s y s t e m to 

be a c l o s u r e s y s t e m in w h i c h a set is c l o s e d iff it c o n t a i n s 

the c l o s u r e of each of its s u b s e t s having less than m 

e l e m e n t s . 

If C is an a l g e b r a i c c l o s u r e s y s t e m , then <C; £ > 

is an a l g e b r a i c l a t t i c e . C o n v e r s e l y , any a l g e b r a i c l a t t i c e 

is i s o m o r p h i c to some <C; £> w h e r e C is an a l g e b r a i c 

c l o s u r e s y s t e m . S i m i l a r s t a t e m e n t s hold for m - a l g e b r a i c 

l a t t i c e s and m - a l g e b r a i c c l o s u r e s y s t e m s . 

Let C be an a l g e b r a i c c l o s u r e s y s t e m on the set A . 

It is easy to d e s c r i b e a f a m i l y F of f i n i t a r y o p e r a t i o n s on 

A such that C = S u b ( < A ; F > ) . In p a r t i c u l a r , for each f i n i t e 

s e q u e n c e a g , . . . , a n of e l e m e n t s of A such that 

a e [ a n , d e f i n e an n - a r y o p e r a t i o n f 
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"y f a 0 , . . . , a n
( a 0 ' V l > = a n a n d 

f_ a ( x n , ..., x„ -,) = x n o t h e r w i s e . One takes F 
a g , . . . , a u n- i u 

to be the f a m i l y of all such o p e r a t i o n s . 

S u p p o s e now you have some a l g e b r a i c l a t t i c e ^ that 

you w a n t to r e p r e s e n t as Sub(Si x 31) • A f i r s t step is to 

find some a l g e b r a i c c l o s u r e s y s t e m C on a set of the form 

B x B w h e r e ^ is i s o m o r p h i c to <C; £ > . O b v i o u s l y , one then 

should try the a p p r o a c h from the p r e c e d i n g p a r a g r a p h . So for 

each < a Q , b Q > , . . . , < a n , b n> with < a n , b n > e 

[ < a Q , b Q > , ..., <a j _ -J , o n e d e f i n e s an o p e r a t i o n f 

on B with f ( a Q , . . . , a n_-,) = a n and f ( b Q , . . . , b n_-,) = b R 

and •••» x n - l ^ = x 0 o t h e r w i s e . U n f o r t u n a t e l y , this 

d o e s n ' t w o r k . Such an f has some u n w a n t e d side e f f e c t s . 

In p a r t i c u l a r f ( < a Q , c Q > , . . . , <an_-j , c n _ 1 > ) = < a n , c Q > and 

it may happen of c o u r s e that < a n , c^} i 

[<a Q, c Q ) , . . . , <a n _ -J 9 c n - 1 > ] c . So one drops the s t a t e m e n t 

" f ( x 0 , ..., x n _ ^ ) = Xq o t h e r w i s e " and leaves f u n d e f i n e d 

o t h e r w i s e . One can take B t o g e t h e r with t h e s e p a r t l y 

d e f i n e d o p e r a t i o n s and form a "partial a l g e b r a " SB. One can 

extend SB to the "algebra f r e e l y g e n e r a t e d by SB" 

(£(®)) b y f i l l i n g in the " t a b l e s " for the o p e r a t i o n s as 

freely as p o s s i b l e . The s u b a l g e b r a s g e n e r a t e d by s u b s e t s of 

B x B in £(93) x F,( ©) are " r i g h t " . But there are m a n y new 

subsets that d o n ' t g e n e r a t e the "right" s u b a l g e b r a s . So add 

some new partial o p e r a t i o n s to take care of t h i s . F r e e l y 

g e n e r a t e . R e p e a t ad infini turn. T a k e the d i r e c t l i m i t , and 
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call it aï. Ŝ jJb ( ai x ai) is i s o m o r p h i c to . ( A c t u a l l y one 

m u s t c h o o s e the initial C so that the " d i a g o n a l " is the 

s m a l l e s t m e m b e r . ) (That this w o r k s is shown in [ 6 ] , 

e s s e n t i a l l y . See [11] a l s o . ) 

Now s u p p o s e you w a n t an 31 so that £oji(ai) is 

i s o m o r p h i c to the a l g e b r a i c l a t t i c e . It is easy to check 

t h a t Con(ai) is a l w a y s an a l g e b r a i c c l o s u r e system on A x A . 

So one m i g h t look for a set B and some a l g e b r a i c c l o s u r e 

s y s t e m C on B x B such that each m e m b e r of C is an 

e q u i v a l e n c e r e l a t i o n on B and such that <C; £ ) is 

i s o m o r p h i c to ^ . One could then hope to p r o c e e d as in the 

p r e c e d i n g p a r a g r a p h . U n f o r t u n a t e l y , t r a n s i t i v i t y rears its 

ugly h e a d , and that idea d o e s n ' t work e i t h e r . The f o l l o w i n g 

m o d i f i c a t i o n does w o r k . G i v e n < a n , b n ) , . . . , <a , b ) with \ g Q s n n 

< a n , b n > e [ < a Q , b Q > , . . . , <an_-j , bn_-j> ] c one d e f i n e s three 

partial o p e r a t i o n s , say f , g , h , with 

f ( a Q ,
 a

n _ -j ) = a n , f ( b Q , . . . , b n - ] ) = g ( b Q S b ^ ) , 

g ( a Q , a n _ 1 ) = h ( a Q , ...» a n - 1 ) and h ( b Q , . . . , b n - 1 ) = b 

Now w h e n 0 is a c o n g r u e n c e r e l a t i o n with a^ = b^ (0) for 

0 < i < n-1 then under 0 we have a = f ( a n , . . . , a„ -, ) 
— — n 0 n-1 ' 

= f ( b
0 >

 b n - l ) = 9 ( b 0 , b n - 1 ) = g ( a 0 , . . . , a ^ ) 

= h ( a Q , a n _ -J ) E h ( b Q 9 . . . , b ^ ) = b ^ . T r a n s i t i v i t y 

g i v e s us the d e s i r e d r e s u l t , a n = b n ( 0 ) . Now if one 

r e p l a c e s each partial o p e r a t i o n of the p r o c e e d i n g p a r a g r a p h 

by t h r e e partial o p e r a t i o n s (as in this p a r a g r a p h ) , and if one 

o t h e r w i s e p r o c e e d s as in the p r e c e e d i n g p a r a g r a p h , one then 

o b t a i n s an a l g e b r a Si with jCoji(ai) i s o m o r p h i c to . 
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Now let us go back to the © and the £ ( ® ) a b o v e . 

Each c o n g r u e n c e r e l a t i o n 0 of ® has an e x t e n s i o n £ ( 0 ) 

to a c o n g r u e n c e of It is f a i r l y o b v i o u s that if the 

ideas are going to work then one m u s t have £ ( 0 n $) 

= £( 0) n £ ( $ ) . U n f o r t u n a t e l y , this fails in g e n e r a l . T h i s 

is the t e c h n i c a l p r o b l e m that is cured by using a t r i p l e of 

o p e r a t i o n s in place of each " n a t u r a l " o p e r a t i o n . T h i s 

p r o b l e m is caused by t r a n s i t i v i t y . 

So it b e c o m e s i m p o r t a n t to d i s c o v e r lemmas g i v i n g 

s u f f i c i e n t c o n d i t i o n s on a partial a l g e b r a SB so that 

£ ( n ( 0 i | i e I)) = n ( £ ( 0 . ) | i e I). Such a lemma was 

i m p l i c i t in [9]. It was m a d e e x p l i c i t in both [14] and [ 2 1 ] . 

But this lemma was true only if © was a unary partial 

a l g e b r a . A lemma of this sort for a r b i t r a r y f i n i t a r y partial 

a l g e b r a s a p p e a r s in [ 1 7 ] . This m a d e T h e o r e m s 2 and 3 p o s s i b l e . 

(There are some o t h e r i n n o v a t i o n s r e q u i r e d a l s o . ) 

One w o u l d hope that the c o n s t r u c t i o n o u t l i n e d a b o v e 

(when a p p r o p r i a t e l y g e n e r a l i z e d ) w o u l d w o r k for p r o v i n g 

T h e o r e m 5. It d o e s , but a new p r o o f is r e q u i r e d . One of the 

main new i n g r e d i e n t s is a n e w , m i l d l y c o m p l i c a t e d lemma 

g i v i n g s u f f i c i e n t c o n d i t i o n s on an i nfi ni tary p a r t i a l a l g e b r a 

as so that £(n 0.j | i e I) = fl(£(0 i | i e F) a l w a y s h o l d s . 

The proofs of all the t h e o r e m s use v a r i a t i o n s on the 

above c o n s t r u c t i o n . 

The r e a d e r has p r o b a b l y n o t i c e d that the c o n s t r u c t i o n 

o u t l i n e d above for T h e o r e m 1 gives an a l g e b r a 2J h a v i n g n - a r y 
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o p e r a t i o n s for e v e r y n > 0 . Yet it was stated in §3 that 

the a l g e b r a 21 used in the p r o o f had only unary o p e r a t i o n s . 

One can do this by s t a r t i n g with a C such that an 

e q u i v a l e n c e r e l a t i o n 0 is c l o s e d iff it c o n t a i n s the 

c l o s u r e of its one e l e m e n t s u b s e t s . If ^ is a l g e b r a i c , 

such a C e x i s t s . As p r e v i o u s l y n o t e d , G r a t z e r and S c h m i d t 

w e r e f o r c e d to do this b e c a u s e their t e c h n i q u e s w e r e valid 

only for u n a r y partial a l g e b r a s . 

U n i v e r s i t y of Hawaii 
H o n o l u l u , Hawaii 9 6 8 2 2 
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REPRESENTATIONS OF FINITE LATTICES AS PARTITION 

LATTICES ON FINITE SETS 

A . Ehrenfeucht, V . Faber, S . Fajtlowicz, J . Mycielski 

§ 0 . A lattice is a set with two associative c o m m u t a t i v e and idem-

potent binary operations v (meet) and A (join) satisfying 

x A (x v y) = x V (x A y) = x . 

We put x < y if x v y = y and x < y if x ^ y and x / y . We 

consider here only lattices L with a least element 0 and a greatest 

element 1 . A sublattice of a lattice L is a subset X of L 

such that a £ X and b Ç X imply that a a b ç X and a V b ç X . 

If 0 L and 1 L ç X , X is called a normal sublattice,, 

For any set S we denote by II(S) the lattice of partitions on 

S , that is, the lattice of all equivalence relations on S with ^ 

defined as set inclusion, relations being treated as sets of ordered 

pairs. Thus l n / c v = S X S , 0 . ={(x,x): x e S} and a A b = a n b 
li(S.) IKS) 

for all a,b Ç H(S). 

A representation of a lattice L as a lattice of partitions is an 

isomorphism 9: L I1(S) . Then we call cp a representation of L on 

S . The representation cp is called normal if <p(L) is a normal 

sublattice of I1(S) . For each lattice L , let p,(L) be the least 

cardinal (J, such that L has a representation on S , where |S| = JJ, . 

Whitman has shown [lo] that p,(L) <; + |L| . A well-known and still 
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unsolved problem of Birkhoff [2, p. 97] is whether ji(L) is finite 

whenever L is finite. 

§ 1 . For any x ç I1(S) and a,b £ S we write a(x)b for 

(a,b) ç x . Let A and B be sets such that A f| B = {v} . Let L 

and M be normal sublattices of 11(A) and 11(B) , respectively. 

For x ç L and y £ M , let x° y denote the partition of A U B 

defined by a ( x o y ) b if and only if a(x)b or a(y)b or both 

a(x)v and b(y)v . 

Theorem 1. The set N of all partitions of the form x o y with 

x ç L and y ç M is a normal sublattice of II(A U B) and this 

lattice is isomorphic to L X M . 

Proof. Clearly the map L x M N given by ^ ( x ^ ) = x o y is a 

bijection. We need only establish for all x,u ç L and y,v £ M the 

equations 

( 1 ) 1n(A) ° 1n(B) = 1n(A u b ) 

i 

Ui)
 V)

 O 0 D ( B ) = V u B ) ' 

(iii) (x o y) v (u o v ) = (x v u) o (y V v) , 

(iv) (x oy) A (u o v) = (x A u) o (y A v) . 

These equations can be proved by examining all possible special cases. 

In place of (iii) and (iv) it is sufficient to prove the cases 

(v) x < y = ( x o O M ) V (0. o y) = (xo l ) A (1t 0 y ) , 
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(vi) ( x o 0 ) v ( u o 0 ) 
M M 

( 0 L p y) v (0 L o v) 

(x o 1 ) a (u o 1 ) 
M M 

d L ° y) A d L « v) 

(X V U) o o M , 

0 L o (y V v) , 

< x A u) o I m , 

= 1 L o (y A v) 

which are obvious. We prove (iii) from (v) and (vi) as follows; 

(x o y ) v (u « v) ( X O 0 M ) V ( 0 L O y ) v ( u O 0 M ) V ( 0 L O v) 

= ( x o O M ) v ( u o O J v (0. o y) V (0T o v) 
M M L L 

= ((x V u) o o m ) V (0 L o (y V v)) 

= (x V u) O (y V v) . 

The remaining facts are established in a similar way. 

Corollary 2. If L is a sublattice of the product of the lattices 

L A (i = 1, . . . ,k) , then 

|i(L) £ Yj M-OL^) - k + 1 . 

i = 1 

Proof. The proof follows directly from Theorem 1 by induction. 

Theorem 3. If L is a subdirect product of M and P , if H<(M) and 

^,(P) are finite and if (°M»
1p) € L » e*g»> L = M X P , then 

|J,(L) = |0iCM) +M-(P) - 1 • 

Proof. For each x £ M there exists a y ç P such that (x,y ) ç L 
" X X 

Similarly, for each y £ P there exists an x^ ç M such that 

(x y,y) £ L . Thus for each x ç M and y 6 P we have 

19 



( 0 M > y ) = ( 0 M » ! p ) A ( x
y » y > € L and ( x , X p ) = < 0 M , l p ) V (*,y x> € L . 

By Corollary 2 , w e know that p,(L) p,(M) +H-(P) - 1 . S u p p o s e that 9 

is a r e p r e s e n t a t i o n of L on a set T w i t h p-(L) e l e m e n t s . S u p p o s e 

that 9(0.,,1„) has k e q u i v a l e n c e classes A , ,A„....,A t of car-
M P 1 2 k 

d i n a l i t i e s n ,n , ... n . Let P be the lattice o f partitions 
i ^ K A. 

1 

of A . formed by restricting the elements ^C » y > w i t h y £ P to 

A . , that i s , P A = { W M , y ) | A : y Ç p} . Let cp(y) = ( ^ . y ) ^ , 

i i 1 

<^(0.,,y)L » • • • »cP(01l,,y) . ) . T h e n cp is an i s o m o r p h i s m of P into T M 1 A ' M A, 
2 k 

P X ... x P a n d thus Corollary 2 y i e l d s 
A 1 \ 

k 

M> (P) * E n i " k + 1 = M-(L) ~ k + 1 . 

i = 1 

O n the o t h e r h a n d , M is isomorphic to {(x,l)| x £ M } C L . T h u s M 

can be represented o n T/(cp(0^, l p ) ) ( T factored by the e q u i v a l e n c e 

relation ) » so k i M<(m) • Hence 

|i(L) ;> |j,CP) + k - 1 s |i(P) + fjb(M) - 1 . 

C o r o l l a r y 4 . If p,(L) is finite and L is a s u b l a t t i c e o f I1(S) , 

w h e r e |s| = (i(L) , then L is a normal s u b l a t t i c e . T h u s a m i n i m u m 

finite r e p r e s e n t a t i o n is a normal r e p r e s e n t a t i o n . 

P r o o f . S i n c e L can b e represented on S/0 T , the fact that |i(L) is ————• Li 

m i n i m u m i m p l i e s that 0 L = Ojj^gy • h a S e ( ï u i v a l e n c e c l a s s e s 

A . , A ,...,A , then L is isomorphic to a sublattice o f the product 
X Z K . k 

of the L . C o r o l l a r y 2 g i v e s £ V |A. I - k + 1 = p,(L) - k + 1 , 
A . <m/ I 1 ' 

i = i 

a c o n t r a d i c t i o n u n l e s s k = 1 . T h u s 1 T = l n . ^ . . 
Ju li(S) 
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R e m a r k 1 . B y T h e o r e m 3 , t h e p r o b l e m o f f i n d i n g p,(L) for a l l f i n i t e 

l a t t i c e s L r e d u c e s to the d e t e r m i n a t i o n o f (j,(L) for all f i n i t e 

d i r e c t l y i n d e c o m p o s a b l e L ' s . T h i s r e d u c e s t h i s p r o b l e m for v a r i o u s 

s p e c i a l c l a s s e s of l a t t i c e s : D i l w o r t h [ 3 ] h a s s h o w n that e v e r y f i n i t e 

r e l a t i v e l y c o m p l e m e n t e d l a t t i c e is a p r o d u c t of s i m p l e l a t t i c e s . T h i s 

a p p l i e s also to finite g e o m e t r i c l a t t i c e s s i n c e they can b e c h a r a c t e r -

ized a s finite r e l a t i v e l y c o m p l e m e n t e d s e m i - m o d u l a r l a t t i c e s [2; p . 8 9 ] , 

B i r k h o f f h a s shown that e v e r y m o d u l a r g e o m e t r i c l a t t i c e is a p r o d u c t of 

a B o o l e a n a l g e b r a a n d p r o j e c t i v e g e o m e t r i e s [2; § 7 ] . D i l w o r t h (see 

[2; p . 9 7 ] ) h a s shown that every f i n i t e l a t t i c e is i s o m o r p h i c to some 

s u b l a t t i c e o f a finite s e m i - m o d u l a r l a t t i c e . H a r t m a n i s [5] h a s shown 

b o t h that every finite l a t t i c e is i s o m o r p h i c to s o m e s u b l a t t i c e of the 

l a t t i c e of s u b s p a c e s o f a g e o m e t r y o n a f i n i t e set a n d that e v e r y f i n i t e 

l a t t i c e is i s o m o r p h i c to the l a t t i c e o f g e o m e t r i e s o f a f i n i t e s e t . 

J o n s s o n |7] h a s shown that e v e r y f i n i t e l a t t i c e is i s o m o r p h i c to a 

s u b l a t t i c e o f a finite s u b d i r e c t l y i r r e d u c i b l e l a t t i c e . 

R e m a r k 2 . T h e a s s u m p t i o n (0...1-) Ç L in T h e o r e m 3 is e s s e n t i a l . In 
M F 

f a c t , if C is the n - e l e m e n t c h a i n a n d if L = C x , t h e n 
n 3 2 

T h e o r e m 3 g i v e s |i,(L) = 4 ; h o w e v e r , b y F i g u r e 1 , L is a l s o i s o m o r p h i c 

to a s u b d i r e c t p r o d u c t o f 11(2) X 11(2) a n d 11(2) x 11(2) , w h i c h w o u l d 

l e a d to |j,(L) = 5 if T h e o r e m 3 a p p l i e d . 
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( 1 , 1 ) 

(x,y) 

(y,x) 

Remark 3 . Let L o Il(n) mean that L h a s a normal r e p r e s e n t a t i o n 

o n n . T h e o r e m 1 shows that l i a ) x II(J6) O 11(24-1) . Since 

n u ) <3 n(X) X IKjG) > this suggests the question: For what jI a n d m 

is lia) o n(m) ? If n(j?>) <1 I K ^ ) a n d n(£) <J n a 2 ) , then 

Il(jfc) <3 I K ^ + i2 - 1) • S i n c e n(3) <3 n(4) , we have n(3) <3 IîCm) for 

all m ^ 3 . R a l p h M c K e n z i e h a s proved (private c o m m u n i c a t i o n ) that 

n(j£) <J n a + D d o e s not h o l d for I ^ 4 . 

§ 2 . W e now examine p, for some special l a t t i c e s . W e recall that 

by a c o m p l e m e n t o f x in a l a t t i c e L is meant an element y £ L 

such that x A y = 0 and x v y = 1 . 

L e m m a 5 . If
 P

i »
P
2 » '

, é P
k

 a n d
 ^

 a r e
 P e t i t i o n s °f

 a
 set S w i t h n 

k 

e l e m e n t s a n d P]L v ... v P f c = Q , then ^ | S/P | <; n ( k - l ) + J S/Q | 

1 = 1 

in a d d i t i o n , P ± v Pj = Q for all i ^ j , then ^ | s / P i | 

i = 1 

(n + | S/Q | ) . 
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P r o o f . For e v e r y A ç S / P i (i = 1 , 2 , ... ,k) form a p a t h t h r o u g h a l l 

p o i n t s o f A . T h u s S o b t a i n s a g r a p h s t r u c t u r e a n d b y 

P x V ... V P R - Q , t h i s g r a p h h a s Jt = |S/Q| c o n n e c t e d c o m p o n e n t s 

c o n t a i n i n g , in s o m e o r d e r , n ^ , n 2 , . . . p o i n t s . S i n c e a c o n n e c t e d 

g r a p h w i t h m p o i n t s h a s at l e a s t m - 1 e d g e s , 

k I 

E E (M -1} 26 E (nj•1} ; 
i = 1 A ç S / P . j = l 

i 

E f E H- ls/pii) * ; 
i = M A Ç S / P . I 

k 

YJ (|s| - |S/P.|) î> n - J S/Q | ; 

i = 1 
k 

kn - £ ! S / P . | * n - j S/Q j ; 

i = 1 

k 

Y | S / P . | ^ n ( k - 1) + | S/Q | . 

i = 1 

N o w s u p p o s e P . V P^. = Q for all i / j . T h e n by t h e l a s t e q u a t i o n 

w i t h k = 2 , for all i / j , \ s ^ ± \ + i s / p j I ^ |S/Q| . H e n c e w e h a v e 

k 

IS/P. | = V (lS/P. 1 + Is/F ( k - 1 ) I I S / P . | = I ( I s / p j + I S / P . I ) 

i =1 i * j 

( 2 ) < n + l s ^ l > • 

T h e lemma f o l l o w s . 
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Theorem 6, Consider the lattice L(j£,m) consisting of 0 and 1 and 

of two chains P. > ... > P . of length I and the other Q„ > ... > Q 
1 X 1 m 

of length m. , such that P.̂  and Q^ are complementary for all i 

and j (see Figure 2). If I > 1 , then 

p,(L(i,m) ) = X + m - 1 + {2 j I + m - 2 } . 

Figure 2. 

P r o o f . H e r e , the s y m b o l { x } d e n o t e s the l e a s t i n t e g e r not l e s s t h a n 

x . W e s u p p o s e that k = I P i I ^ l Q i l ' T h e n ^ l P i l + 4 - 1 a n d 

| Q m | à |Q 1| + m - l . B y L e m m a 5 , if p,(L) = n , then 

Letting x = l + m , we have 

k ^ IQJ^I £ n + 3 - k - x . 

Since P^ A Q^ = 0 , no class of Q^ can have more than k elements. 

Thus 

n <; k|Q | <; k(n + 3 - k - x) . 
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S i n c e the m a x i m u m of t h e r i g h t h a n d s i d e o f t h i s e q u a t i o n o c c u r s w h e n 

k = -|(n + 3 - x) , 

( n + 3 - x \ 2 

n n 2 j • 

Solving this equation, we find that 

n ^ x - 1 + 2 J x - 2 . 

W e first d e m o n s t r a t e a r e p r e s e n t a t i o n o f L(j£,l). L e t k b e the 

first i n t e g e r such that k 2 £ I + 2 j I - 1 (k = 1 + { - 1 }) . L e t n 

b e the i n i t i a l s e g m e n t of l e n g t h i + { 2 J I - 1 } in t h e l e x i c o g r a p h i c 

o r d e r i n g o n x Z^ . T h e p a r t i t i o n P o n n i s d e f i n e d by 

( ( x , y ) , ( u , v ) ) Ç- p^ if a n d o n l y if x = u . T h e p a r t i t i o n Q ^ o n n 

is d e f i n e d by ( ( x , y ) , ( u , v ) ) £ Q x if a n d o n l y if y = v . (Note t h a t 

I ;> 2 i m p l i e s that k 2: 4 a n d thus P^ £ Q.^ .) T h e p a r t i t i o n P ^ 

is d e f i n e d by ( C s , y ) , ( u , v ) ) ç P if a n d o n l y if e i t h e r x = 0 = u 
XJ 

o r (x,y) = (u,v) . T h e p a r t i t i o n s w i t h 1 < i < £ a r e formed 

by i n t e r p o l a t i o n b e t w e e n P a n d P ( s e p a r a t i n g o f f e a c h of t h e 
Jo 

s i n g l e t o n s in P o n e at a t i m e from P ) . W e m u s t v e r i f y that a 
Jo 

s u f f i c i e n t n u m b e r of p a r t i t i o n s can b e formed in t h i s w a y . S i n c e 

= n - k + 1 a n d = { ̂ } , if a l l p o s s i b l e i n t e r p o l a t i o n s w e r e 

m a d e , the l e n g t h of the c h a i n from P. to P w o u l d b e 1 I 

p = n - k + l - { ~ } + l . 

If { ~ } £ k - 1 , w e h a v e 

If { } = k , w e h a v e 

P = I + {2 7 T T } - 2{ J i - 1 } . 
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S u p p o s e s < J l - 1 £ s + ~ for s o m e i n t e g e r s . T h e n n = £ + 2 s + l , 

2 5 2 
k = s + 2 a n d l <. s + s +— . S i n c e 4 is an i n t e g e r , X ^ s + s + l 

a n d t h u s 

2 
n < s + 3 s + 2 = k(k - 1) . 

T h i s g i v e s { } = k - 1 , a c o n t r a d i c t i o n . T h u s [2 J £ - 1 } = 2 { J l - 1 } 

a n d h e n c e p = . 

To c o m p l e t e t h e p r o o f , w e show t h a t L ( j £ - l , m + l) c a n b e 

r e p r e s e n t e d o n t h e same set a s L ( £ , m ) . S u p p o s e £ ^ 2 a n d 

P ^ € L ( X , m ) h a s c l a s s e s C ^ , 1 ^ i ^ n . S i n c e P ^ ^ s P ^ , w e may 

a s s u m e that P . , h a s a c l a s s c o n t a i n i n g C , II C„ . S i n c e 
£-1 1 2 

P £ - 1 A Q m = 0 ' f° r e v e r y x € c i a n d y € c
2 ' £ Q m • • C o n s i d e r 

a s h o r t e s t P - Q p a t h x, xn . . . x (n s 3) from C , to c . T h e n 
X m 1 2 n 1 2 

x, c- C , a n d x f C 0 b u t x. t C . y C_ , 2 «£ i < n . T h u s 
1 1 n v 2 i r l w 2 

(x. ,x r t) £ Q . L e t Q i ^ Q b e the p a r t i t i o n d e f i n e d b y : for all 
1 2 m m + l m 

x,y / x^ , (x,y) ç Q m + 1
 i f a n d °nly if (x,y) £ Q m ; for a l l x , 

(x,x_ ) f Q t if a n d o n l y if x = x_ . To show P , . v Q , = 1 , 
1 ^ m + l * 1 £ - 1 ra+1 

we need only show (x_ ,x 0) £ P • v Q .. for then P , . v Q , ^ 
L z £-L m + i £-1 m + 1 

P a . V Q = 1 . S i n c e the P - Q p a t h x„ ... x d o e s n o t c o n t a i n 
£ - 1 m £ m ^ 2 n 

x. , i t i s a P . - Q , p a t h . S i n c e (x ,x.) f P , , . x_ ... x XL, is 
1 I m + l n ' 1 c £-1 ' 2 n 1 

a P„ , - Q , p a t h from x_ to x. . 
£-1 m + l 2 1 

W e n o w c o n s i d e r t h e l a t t i c e L ^ o f s u b s p a c e s o f t h e g e o m e t r y G n 

w i t h n p o i n t s a n d 1 l i n e . L ^ c o n s i s t s o f n m u t u a l l y c o m p l e m e n t a r y 

e l e m e n t s a n d 0 a n d 1 (see F i g u r e 3 ) . H a r t m a n i s [6] h a s shown 

that P-( L
n)

 2 P w h e r e p i s the first p r i m e l a r g e r t h a n n . W e 
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s h a l l p r o v e M-( L
n) £ P » w h e r e p is t h e first p r i m e n o t l e s s than n 

(see T h e o r e m s 7 , 8 a n d 9 b e l o w ) . 

P, r: P P 
1 \ 3 

0 

F i g u r e 3 

T h e o r e m 7 . n + 1 ; n e v e n 

n n o d d . 

P r o o 1 . S u p p o s e L ^ c a n b e r e p r e s e n t e d a s a s u b l a t t i c e L o f the 

l a t t i c e o f p a r t i t i o n s o f m . E a c h n o n - t r i v i a l P ç L d e f i n e s a set 

o f e d g e s L p = { { a , b } : (a,b) £ P , a / b } . S i n c e P A Q = 0 a n d 

P v Q = 1 w h e n P / Q , w e h a v e that L (J L is a c o n n e c t e d g r a p h . 
F VJ 

T h u s 

(i) L
p l

 +
I L Q I = l

L
P U L Q | * M - 1 , 

(ii) 

F r o m (i) w e g e t 

E l Lpl * I ni(m-l) 
P € L 

( n - 1 ) E l Lpl 

P 6 L 

= E < l L
P M

L o l > 

P ^ Q 

. n(n- 1) 
PI • l - Q I ' * 2 ( m " X ) 

H e n c e from ( i i ) , 
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i m ( m - 1) ;> V | L p | ;> | n ( m - 1) 

P ç L 

w h i c h y i e l d s m i il . E q u a l i t y can o c c u r o n l y if | L p | + = m - 1 

for all n o n - t r i v i a l P £ Q £ L , w h i c h i m p l i e s that m - 1 is e v e n 

w h e n e v e r m - n - 3 . S m a l l c a s e s a r e h a n d l e d by i n s p e c t i o n . 

T h e o r e m 8 . T h e f o l l o w i n g four s t a t e m e n t s a r e e q u i v a l e n t : 

(i) M - ( L
2 n . 1

) = 2n - 1 ; 

(ii) T h e c o m p l e t e g r a p h o n 2n - 1 p o i n t s , K , can b e edge-
zn- J. 

c o l o r e d w i t h 2 n - 1 c o l o r s so that the u n i o n o f any two c o l o r c l a s s e s 

i s a s p a n n i n g p a t h ; 

(iii) K can b e e d g e - c o l o r e d w i t h 2n - 1 c o l o r s so that the u n i o n 
2n 

o f any two c o l o r c l a s s e s is a s p a n n i n g c y c l e ; 

(iv) T h e s y m m e t r i c g r o u p o n 2n e l e m e n t s , S„ , c o n t a i n s a set 
2n 

{ l ^ : i - L , 2 , . . . ,2n - 1} o f i n v o l u t i o n s such that t h e g r o u p g e n e r a t e d 

b y I. a n d I . is t r a n s i t i v e w h e n e v e r i ^ j . J i J ° 

P r o o f . (i) «M. (ii) . If w e a s s u m e (ii), e a c h c o l o r c l a s s i s a p a r t i t i o n , 

so (i) f o l l o w s e a s i l y . S u p p o s e (i) h o l d s . A s w e h a v e seen a b o v e 

| L p U L q | = 2 n - 2 for a l l P ^ Q . S i n c e L p U L Q i s c o n n e c t e d , it 

m u s t b e a t r e e . T h u s j L p | = n - 1 a n d L p c o n t a i n s n o c y c l e s , that 

i s , P is a m a x i m u m m a t c h i n g o f the p o i n t s o f , . (ii) now 
2 n ~ l 

f o l l o w s . 

(ii) « (iii) . S u p p o s e K 2 n h a s b e e n ( 2 n - l ) e d g e - c o l o r e d 

so that the u n i o n o f any two c o l o r c l a s s e s is a s p a n n i n g c y l e . C l e a r l y 

\ { v } s a t i s f i e s ( i i ) . O n the o t h e r h a n d , if K„ , h a s b e e n 
2n N J ' 2 n - l 

( 2 n - l ) e d g e - c o l o r e d so t h a t the u n i o n o f two c o l o r c l a s s e s i s a 
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s p a n n i n g p a t h , e a c h point m i s s e s o n e c o l o r a n d , by c o u n t i n g , e a c h 

c o l o r m i s s e s o n e p o i n t . K = K _ y { { v , a } : a £ K„ ' ,} is 2n - 1 
2 n 2 n - l c 2 n - l J 

e d g e - c o l o r e d by c o l o r i n g { v , a } , a £ K , w i t h the c o l o r m i s s i n g 
ZRI' JL 

at a . It is easy to show that t h i s c o l o r i n g s a t i s f i e s (iii) . 

(iii) « (iv) . E a c h 1 - f a c t o r o f K„ d e f i n e s a n i n v o l u t i o n 
2 n 

o n 2n a n d v i c e v e r s a . S i n c e the e l e m e n t s o f the g r o u p g e n e r a t e d by 

the i n v o l u t i o n s I a n d J h a v e the form . . . IJIJ . . . , the u n i o n 

of two 1 - f a c t o r s s p a n s K 2 n if a n d o n l y if t h e g r o u p g e n e r a t e d b y 

the c o r r e s p o n d i n g i n v o l u t i o n s is t r a n s i t i y e . 

T h e o r e m 9 . T h e s t a t e m e n t 8 (i) h o l d s if n (see [ l ] a n d [8]) o r 

2n - 1 (see [l] a n d [9]) is a p r i m e . 

R e m a r k 4 . B . A . A n d e r s o n ( p r i v a t e c o m m u n i c a t i o n ) h a s a l s o s h o w n that 

8 (i) h o l d s for n = 8 a n d n = 1 4 . T h u s the first u n k n o w n c a s e i s 

n ~ 18 . W e w o u l d l i k e to k n o w a s i m i l a r result to T h e o r e m 6 a b o u t a 

l a t t i c e L ( £ t & , ) c o n s i s t i n g o f 0 a n d 1 a n d o f w c h a i n s 
X z w 

P . - > . . . > P . . , 1 £ i . ^ w . s u c h that P . . a n d P . , . , a r e cora-
il ij i 3 

p l e m e n t a r y w h e n i / i ' . H o w e v e r , t h e m e t h o d o f p r o o f u s e d in 
w 

T h e o r e m 6 g i v e s o n l y ^ ( L ^ , . ..,jfc ) ;> f ( i , w ) w h e r e 1 = w ^ jfc 

and i - 1 

f<ï,w) = 2 4 - 3 + 8 + 4 1 y 4 + w 2 ( 2 * - 3 ) . 
w w 

A l t h o u g h t h i s r e d u c e s to T h e o r e m 6 w h e n w = 2 , for l a r g e v a l u e s of 

it is a very b a d e s t i m a t e s i n c e lim f(X,w) = 2X - 3 , a n a b s u r d i t y . 

A c t u a l l y , p r o o f s o f this t y p e seem to i n d i c a t e that t h e b e s t r e s u l t s 

for t h e s e l a t t i c e s a r e o b t a i n e d by p a r t i t i o n s w i t h n e a r l y e q u a l c l a s s e s 

For this r e a s o n , w e m e n t i o n the f o l l o w i n g t h e o r e m . 
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T h e o r e m 1 0 . L, h a s a n o r m a l r e p r e s e n t a t i o n cp: L „ -» n (S) , 
k+2 T k+2 ' 
2 

w h e r e |s| - n such that j S / ^ C a ) | = n a n d |A| = n for e a c h 

A Ç S / 9 ( a ) w h e n e v e r a Ç L , a / 0 , 1 , i f and only if 

k+2 k+2 

t h e r e a r e k m u t u a l l y o r t h o g o n a l L a t i n s q u a r e s of o r d e r n . 

P r o o f . S u p p o s e L e x i s t s . L e t the p a r t i t i o n s b e C . = f C . , . . . . , C } , 
i 11 in J 

1 i £ k , A = { A ^ . . . ^ } , a n d B = { B l f . . . , B } . We form the 

L a t i n s q u a r e a s f o l l o w s : let L* = j if C. . f| A „ f| B £ <B » 
I>m £m I J L m 

T h e d e f i n i t i o n is p o s s i b l e since A . f| B = {x„ } for a l l I a n d m , 
& m i mJ 

a n d g i v e n i , s o m e C . . m u s t c o n t a i n x . . S u p p o s e L* = L * . = i . 
ij J£m £m I ' m 

T h e n C . , 0 A . p| B / 0 a n d C . . f| A w n B ^ 0 , c o n t r a d i c t i n g 
i .1 ji m ij l m 6 

A/i H A . , 0 u n l e s s t - I ' . S i m i l a r l y L* = L* , if a n d o n l y if Jo Si j&m j&m 

m m ' . T h u s L* is a L a t i n s q u a r e . S u p p o s e L* = L 1 = p a n d 
im rs 

h ] = L J = q w i t h i £ j . T h e n 
4 m rs 

( C . f| A n B = -fx } 
i p X m 1 4m

J 

C . n A n B = { x } 
ip r s 1 rs J 

c . n A n B = {x, } 
jq Je m 1 Xm J 

v c . n A n B = { x } . 
\ jq r m L rs J 

T h u s C . fl C . . = {x } = {x } , so I = r a n d m = s . H e n c e the 
jq ip L jfcnr ^ rs J 

L* a r e m u t u a l l y o r t h o g o n a l L a t i n s q u a r e s . 

r i 
C o n v e r s e l y , s u p p o s e i s a s e t o f m u t u a l l y o r t h o g o n a l 

2 
L a t i n s q u a r e s . W e c o n s i d e r the n e l e m e n t s in Tl x Tl . We let 

n n 

A± = { i } X 2 n a n d Bj = » n X { j } . W e put U , m ) ç. c if a n d o n l y if 
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L* = j . It is e a s i l y v e r i f i e d that the p a r t i t i o n s C . = ( C . , , . . . , C I , 
£m i i l ' in J 

1 ^ i ^ k , A = { A ^ , . . . , A n ) , a n d B = { B ^ . . . ^ } g e n e r a t e the d e s i r e d 

l a t t i c e . 

C o r o l l a r y 1 1 . (See |4; p . 1 7 7 ] ) . T h e f o l l o w i n g s t a t e m e n t s a r e e q u i v a l e n t 

2 
(i) T h e e d g e s o f the c o m p l e t e g r a p h K o n n p o i n t s c a n b e d e c o m -

n 

p o s e d into n + 1 sets so that e a c h set c o n s i s t s of n c o m p o n e n t s iso-

m o r p h i c to K ^ a n d so that the u n i o n o f any two sets is a c o n n e c t e d 

g r a p h . 

(ii) T h e r e e x i s t s a p r o j e c t i v e p l a n e P o f o r d e r n . 

n 

(iii) T h e r e a r e n - 1 m u t u a l l y o r t h o g o n a l L a t i n s q u a r e s of o r d e r n . 

2 

(iv) T h e r e is a p a r t i t i o n l a t t i c e L o n n e l e m e n t s c o n s i s t i n g o f 

n 4 1 m u t u a l l y c o m p l e m e n t a r y e l e m e n t s p l u s 0 a n d 1 such that e a c h 

n o n - t r i v i a l p a r t i t i o n h a s n c l a s s e s o f n e l e m e n t s . 

P r o o f . W e shall s k e t c h t h e p r o o f . T h e e q u i v a l e n c e of (i) a n d (iv) 

follows from the m e t h o d u s e d in the p r o o f of T h e o r e m 7 . T h a t i s , to 

each p a r t i t i o n P ^ 0 , 1 in L t h e r e c o r r e s p o n d s a set o f e d g e s 

L p - { { a , b } : (a,b) £ P } . (Note that e a c h o f t h e s e p a r t i t i o n s t u r n s 

o u t to b e n o t h i n g m o r e than a p a r a l l e l c l a s s o f l i n e s in an a f f i n e 

g e o m e t r y . ) T h e e q u i v a l e n c e o f (iii) a n d (iv) f o l l o w s from the t h e o r e m . 

T h e p r o o f o f the e q u i v a l e n c e o f (i) a n d (ii) f o l l o w s s t a n d a r d l i n e s : 

S u p p o s e (i) h o l d s . T o form P ^ a d d to the p o i n t s o f K the p o i n t s n c , , . . . , c c o r r e s p o n d i n g to the n + 1 sets C , ......C , . W e 
1 n + 1 1 n + 1 

s u p p o s e the c o m p o n e n t s of C . a r e C . C . . T h e l i n e s of P 
i il in n 

are then the sets C U ( c
i ) > i = l,...,n+l , and the set 

{ c ^ , . . . » c
n + 1 ) • C o n v e r s e l y , if (ii) h o l d s , let { c ^ , . . . , c

n + 1 )
 b e a 
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l i n e in P ^ . T h e p o i n t s of K a r e then t h e p o i n t s o f 

n 

P \ { c , ...,c } . T h e e d g e { x , y } o f K „ is in the set c. if 

x , y a n d c. a r e c o l i n e a r in P 
' i n 

§ 3 . B y W h i t m a n ' s T h e o r e m (see § 0 ) , e v e r y lattice is a s u b l a t t i c e of 

the l a t t i c e o f a l l p a r t i t i o n s of some s e t . If is a r e p r e s e n t a t i o n o f 

a l a t t i c e L a s a l a t t i c e o f p a r t i t i o n s of A , a n d B is a s u b s e t o f 

A , then for e v e r y x ç L let ^ ( x ) b e the r e s t r i c t i o n o f the p a r t i t i o n 

cp(x) to B . O f c o u r s e , ^ ( L ) d o e s not n e c e s s a r i l y h a v e to b e a 
B 

s u b l a t t i c e of L . E v e n if ^ ( L ) i s a s u b l a t t i c e , cp does n o t h a v e 
D B 

to b e a n i s o m o r p h i s m . If 9 D ( L ) i s a s u b l a t t i c e a n d cp is a n iso-
D B 

m o r p h i s m , then the s u b s e t B is c a l l e d f a i t h f u l . 

H o m a v k 5 . E v e r y r e p r e s e n t a t i o n o f the l a t t i c e L ^ h a s a finite f a i t h f u l 

s u b s e t . T h e s i m p l e s t e x a m p l e of a finite l a t t i c e w h i c h h a s a r e p r e s e n t a -

t i o n w i t h o u t f i n i t e faithful s u b s e t s is L . T h e r e p r e s e n t a t i o n i s 
o 

c o n s t r u c t e d a s f o l l o w s : the p o i n t s o f the set a r e the v e r t i c e s o f t h e 

r e g u l a r t r i a n g u l a r l a t t i c e on the p l a n e . T h r e e p o i n t s form an e q u i v a l e n c e 

c l a s s w i t h r e s p e c t to a g i v e n c o l o r if they a r e the v e r t i c e s of a t r i a n g l e 

w h i c h h a s t h i s c o l o r (see F i g u r e 4 ) . It is c l e a r that if w e t a k e a n y 

i 
n 

\ 

F i g u r e 4 . 
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finite subset S of this t r i a n g u l a t i o n , t h e r e w i l l b e at least o n e 

v e r t e x w h i c h a p p e a r s in o n l y o n e c o l o r e d t r i a n g l e , say c o l o r 1 . T h u s 

this v e r t e x is not 2 V 3 e q u i v a l e n t to any o t h e r , so S c a n n o t b e a 

faithful s u b s e t . W e can a l s o show that the l a t t i c e o f F i g u r e 5 h a s a 

r e p r e s e n t a t i o n w i t h o u t f i n i t e f a i t h f u l s u b s e t s . 

F i g u r e 5 . 

T h e r e e x i s t s a finite d i s t r i b u t i v e l a t t i c e w i t h a r e p r e s e n t a t i o n 

w i t h o u t finite faithful s u b s e t s . T h e l a t t i c e g e n e r a t e d by the p a r t i t i o n s 

i n d u c e d by the c o l o r s 1 , 2 a n d 3 in F i g u r e 6 i s i s o m o r p h i c to 

{0,1} 3 . 

F i g u r e 6 . 

T h e l a t t i c e L in F i g u r e 7 is a f i n i t e l a t t i c e w i t h an i n f i n i t e 

r e p r e s e n t a t i o n w i t h o u t p r o p e r f a i t h f u l s u b s e t s . P a r t i t i o n s A , B , 

Aj^ a n d B ^ o f K a r e f o r m e d a s f o l l o w s : A h a s c l a s s e s { 2 n , 2n + 1} 

for a l l n £ 2 , B h a s c l a s s e s { 2 n - 1 , 2 n } for a l l n , A ^ h a s 

c l a s s e s { 2 n - 1 , 2n + 4 } for a l l n , a n d B ^ h a s c l a s s e s { 2 n + 2 , 2n - 1} 
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for a l l n . It is c l e a r that t h e s e p a r t i t i o n s g e n e r a t e a l a t t i c e 

i s o m o r p h i c to L . For any p r o p e r s u b s e t o f Z , o n e o f t h e r e l a t i o n s 

A v B = 1 , A^ v B ^ = 1 w o u l d f a i l , so t h i s r e p r e s e n t a t i o n o f L h a s 

no p r o p e r faithful s u b s e t s . 

1 

F i g u r e 7 . 

P r o b l e m s . 

1 . S u p p o s e P c Q a r e l a t t i c e s a n d P h a s a r e p r e s e n t a t i o n 

w i t h o u t f i n i t e f a i t h f u l s u b s e t s . D o e s Q h a v e such a r e p r e s e n t a t i o n ? 

C a n a g i v e n r e p r e s e n t a t i o n 9 of P w i t h o u t finite f a i t h f u l s u b s e t s 

b e e x t e n d e d to a r e p r e s e n t a t i o n 9 o f Q such that 9 a l s o d o e s n o t 

h a v e f i n i t e f a i t h f u l s u b s e t s ? 

2 . C h a r a c t e r i z e the c l a s s of l a t t i c e s w h i c h can b e g e n e r a t e d by 

c o l o r i n g s o f t e s s e l a t i o n s o f the p l a n e . 

3 . (See R e m a r k 3 . ) F o r w h a t I a n d m is 11(4) < n (m) ? 

4 . (See T h e o r e m s 7 , 8 a n d 9 a n d [ l ] , [8] a n d [9].) F i n d ) 

for a l l n . 

5 . (See R e m a r k 4 . ) F i n d |i(L(jfc^, Jfcg > • • • » jG^)) f o r a 1 1 w - t u p l e s 

o f p o s i t i v e i n t e g e r s ( j ^ , , . . . . 
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SOME COMBINATORIAL ASPECTS OF 

LATTICE THEORY* , 

George Markowsky 
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This paper will discuss some new lattice-theoretic 

constructions of combinatorial interest. Throughout, 

all lattices will be assumed to be finite unless the 

contrary is stated, and most proofs will be omitted. 

Proofs and generalizations (e.g. to infinite lattices) 

are in the author's Doctoral Thesis [13]. 

After a few technical preliminaries we will dis-

cuss a basic representation theorem for lattices and 

give some applications of it, including a new character-

ization of distributive lattices and some combinatorial 

results having to do with the representation of lattices 

and posets by subsets of the power set of some given set. 

In Part II, we introduce the poset of join-irreducible 

and meet-irreducible elements of a lattice, a construc-

tion which bears the same relationship to the given 

lattice, as the poset of join-irreducible elements bears 

to the corresponding finite distributive lattice. After 

describing the properties of the poset of join-irreducible 
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